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V. Some Problems of Atomic Stability. By Prot. J. W. 
Nicuoison, M.A., D.Sc., F.R.S. 


Recrivep Ava. 21, 1917. 


Iv is well known that Sir J. J. Thomson’s atomic model, in 
which the electrons are attracted to the centre of the atomic 
nucleus according to the law of direct distance, admits stable 
arrangements in which the electrons are not confined to the 
same plane. The Rutherford model, on the other hand, 
appears to be incompatible with such arrangements.* Certain 
special cases, however, are at first sight exceptional, and re- 
quire a further examination. They are frequently used in the 
qualitative construction of atoms designed to have special 
physical properties. An atom of a pyramidal form, for ex- 
ample, consisting of a nucleus, a ring of electrons in the form 
of a circle whose axis goes through the nucleus, and a single 
stationary electron on this axis, is a simple case of a type 
which has been used to a great extent by Stark in his theoretical 
molecules, in which the linkage binding the atoms together 
consists of a stationary electron. The discussion of such 
pyramidal forms is the object of this Paper, in which their 
dynamical stability is investigated. It is to be pointed out 
that the investigation proceeds according to the classical! 
dynamical method of treating problems of stability of moving 
systems, and has no relation to the criterion of stability used 
in the non-Newtonian mechanics of the atom developed, for 
example, by Bohr. While this new development is on its 
trial, it is nevertheless necessary to know where any suggested 
model stands with reference to the classical dynamics, and 
some of the constructions suggested by Stark and others have 
never been examined in any strict quantitative sense. Many 
are shown to be impossible whichever view of atomic dynamics 
is adopted. 
Atoms of this type appear at first sight to have a possible 
existence with the solitary electron at rest, and the ring 
rotating uniformly about the axis, thereby constituting an 
exception to the statement that all the electrons in a Ruther- 
ford model must, according to the principles of Newtonian 
dynamics, be in the same ring. They are also of considerable 
interest on account of their unsymmetrical nature, which would 


* “ Phil. Mag.,” April, 1914, p. 546; July, 1914, p. 94. 
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involve special properties for one particular electron. It is 
known that four electrons arranged at the corners of a tetra- 
hedron can revolve in stable steady motion in a Thomson atom, 
and an analogous possibility might be expected in the present 
case. So far as radiation is concerned, these pyramidal atoms 
present no difficulty, for in steady motion of the ring the 
vector sum of the accelerations of all the charges in the atom 
is zero, and this is the condition for relatively small radiation. 

The most fundamental conclusion reached in this paper is 
that no positively charged or neutral atom can exist in this 
form. Quite apart from any question of stability, it is not 
even possible, as may be shown rigorously, to satisfy the ordin- 
ary conditions for a steady rotation of the ring in such atoms. 


Bice. 1. 


PO is the radius =y. fis the nucleus. 
P is any electron. RQ is the atomic axis. 
@ is the solitary electron. 


This conclusion appears to remove the possibility of molecular 
structures of the type already mentioned. Moreover, even 
though an atom may theoretically take up an electron on its 
axis, if it is neutral or negatively charged before the operation, 
the ensuing structure is unstable as regards some of its more 
important vibrations. Its stability in fact is not comparable 
with that of a single ring, and it could not be endowed with 
any permanence. The vibrations which it can sustain, how- 
ever, during a transitory existence, are of considerable interest 
and several numerical cases are worked out in detail. The 
direct application of Earnshaw’s theorem of stability is not 
very helpful in atomic theory, in that unstable modes are, in 
general, those least readily excited. 
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We shall investigate, in the first place, a general pyramidal 
atom, in which there are n electrons in the base forming a ring 
and a single electron at the vertex, the nucleus ye being 
situated on the axis. Let y be the radius of the ring, « its 
distance from the nucleus, z the distance of the solitary 
electron from the nucleus, and m the mass of an electron. 
The orientation of an electron in the plane of the ring may be 
denoted by 6. The arrangement is indicated in the annexed 
figure. 

The Lagrangian method supplies the readiest means of 
solution for the principal vibrations. The kinetic and potential 
energies are given by 


Qr=m2+-mn(22-+y2-+y262), 

ve? ne? nes, ne” 

z V~Pt(etzy? 4y Varty® 

when the displacements are such as to retain a plane ring— 


the important case corresponding to vibrations of * class zero,” 
as defined in previous investigations.* S, has the usual 


meaning, 


P= 


=i! 


Ses) 


17 
cosec —. 
=i nv 
The equations of motion become 

ve ah ne?(x+-2) 

FT yb eteye 
verx e(a+-2) 


CEP Pte +ePP 


mz 


MxL—= — 


(ata ao ee 
4y? (@+y*)i [y?+(a+2)?} 


We have regarded the nucleus as fixed during the vibration. 
The knowledge of its effect on periods, already possessed, 
shows that it cannot alter the character of the solution, or 
even the numerical values to more than a few tenth metres, 
in the case of wave-lengths of emitted radiation. The error 
is in fact of order m/M, where M is the mass of the nucleus. 


* “ Monthly Notices ” of R.A.S., Nov., 1911, e¢ seg. 
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The equations of steady motion, derived by equating 
accelerations to zero, are reduced to 


(o+2)P= "y+ (o+e)h 


(o-+y2) nae 
~ Sn very ery 

4y (ey ye [y-(a2)F 

The first pair serve to determine the ratios x: y:2, and do 
not involve , the steady angular velocity. Thus the structure 
of such an atom would be definite, in the geometrical sense, 
and a change in the angular velocity would only cause an 
expansion or contraction of all its distances in the same ratio. 
The relative distances of the atom in fact are determined 
solely by ” and v. 

For the examination of the vibrations about steady motion, 
we may write (+z, y+y, 2+2, w+¢9) for (x, y, z, 0), 80 
that (x, y, z) now denote steady motion values, and the squares 
of £1, ¥1, 21, and 9 may be neglected in the usual manner. Then 


myo? = 


M2,=—Vi44— Via =V Fy 


MNL = — V ay == Vow to V a2" 1) 


mn on ory, cz 2 coy 9) as Vows Vee if V2 a6) 
yet2oyy,=0, 
the suffixes to V denoting differentiations. Thus, if all the 
variations are proportional to e“, in a periodic variation from 
the steady motion, 
mare = V oat Vag ee Vey 
mngray = Vie iat V wy ie V2 LD 
mang? —30")Yy y= Ve tee Va, Yi V ea 
with the period equation 


| 
2 
Us Voile “—s Verynn = Vig mn 
/ 
a 2 sa8— 7, | 
Poy|mo q Se Vow mn = Ue mn —0 
: 2 / 5 
eo / 
iw Vorzinn a Vela nm n 7 V ea/mn 


which is a cubic. There are three principal vibrations of class 
zero, and the three values of q? must all be real and positive 


—o 
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if the stability of the system is to be comparable with that 
of a simple ring, which, moving as a whole in vibrations of 
class zero, is completely stable. 


Let sly=a, z/y=Bf. 
Then the conditions of steady motion become 
(1-++ a?)'=nap?, 
1+ (a-+B)"}' =n6*(a+-B), 
1 v 1 
3 Rell pe SS 
mY" Oo le — etapa [1+ (a+ p)}3 
Vv 


eee bee Sis fs 
A nap? mB (a+B) 


5 v 
~~ a" naBlat BY 
substituting from the first two conditions in order to satisfy 
the third. This third condition relates the angular velocity 
and radius of the ring in the usual manner, and the first two 
conditions serve to determine the shape of the atom. 

We find the following values for the derivates of V :— 


I Sve" a+ p 

SAT ae arr oy z (1) 
3 ve? iI 
~ mn2ysp?” 1 (a-+B) 

be aie 1—2(a-+8)? 2) 
~ min mn?y® Bat B)* 1+ (a+ BP 

1 ve? B  1—2(a+8)?)\ 
er al AnH Safi T-(o+py J : (3) 

1 pees ee | 4) 
mn “~~ mnpp ita? 1+(a+p)?) 

Tee 1—2(a-+f)? _—«:1—20? 6) 
man 2 gD (GE BY ack BF a(1+a?)J 
ae en v(a?—2) v eo 6 
— it nap” naga nore) Harpe) * 


from which the period equation may be expressed in general 
terms as an equation in ¢/@ with numerical co-efficients, when 


(a, 6) are found. 
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The Possible Steady Motions. 
The ratios (a, 8) in general satisly 
(1+ a): =nap?, 
v[1+-(a+ 6)? }#=n(a+ B)p. 
Write a=tan 6, so that 
1 il 
a ’ = == 
n sin 0 cos? cos 0V'n sin 6 
Therefore 6 satisfies 


sec@ \7)3 n? 1 sec @ \2 
{14+(tan 4 Joa) \ ~ v2" n?sin?0cos40 (‘an pe Vnsin 3) : 


or, on reduction, 


a n* = 
[n sin 6 cos? 6+ (1+-V/n sin?6)? B= 3 (1+ Vn sin?6)?. 
Since by their nature, a and f are positive, the necessary 
value of 6 must lie between 0 and = It is evident that when n 
is less than v, no such value of 6 can satisfy the equation, so 
that a pyramidal form of a positively charged atom is not possible. 
The same result applies to a neutral atom, with n=v—1. 
When the atom has a single negative charge, n=v, and the 
solution is 6=0, or a=0, B= o, indicating the single-ring 
type of a neutral atom, since the extra electron is at an infinite 
distance. But real values of a and f are possible for an atom 
with at least one negative charge. We shall work out in detail 
the case of a nucleus of strength 5e, with seven electrons, six 
of them being in a ring. 
Writing ” sin 6=w?, the new magnitude w is determined by 


. wt ( w 243 n2 w 2 
OW lesa sk pert ie eS, 
[a HO+e) | =BG49). 
wr 72 ap2 2 
2 . = 
¢ L 24 2) ae come 
where, in terms of w, 


a=w"/(n?—w')}, B=n/w(n?—w4). 


In the case of the suggested illustration, n—6, v=5, and 


(14-4509) =30 Cer 


or 


SNE et ee eee Ne RT Nee ere ey 


ii Ye 
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This equation has a root between zero and unity, but no 
other real root. Thus, as would be expected, only one such 
arrangement is possible. The single-ring arrangement corre- 
sponds to a neglected factor w=0, 

The equation can be solved by continued approximation, 
and the value of the real root, to five significant figures, is 


w=0-34721, 


leading to 
a=0-020096, 
b=2-8807, a+ p=2-9008, 
and thence, , 
w?=3-1349—, 
my 


showing that a steady motion is possible. The following are 
then obtained after some reduction : 

V.,,=0-008506mna°, V ..=0-015472mnw?, 

V.,.= —0-003674mnw*, Vz,= —0-08585mnw?, 


V ng=1-6112mnw?, V y= —4:3599mnw?, 
and the period equation is 
 @?/a*—1-6112 0-08585 —0-01547 
0-08585  q?/m?+-1-3599 —0-00851 | =0; 
—0-01547 —0-00851 — q2/?-+0-00367 


or on expansion, if p=q?/w*, 
0° —0-2293 9? — 2.20584 p —0-04974=0. 

This equation has a positive root greater than unity, and 
two negative roots indicating unstable modes. The vibrations 
now investigated are those of class zero—the simplest vibra- 
tions, and those set up most readily—and the fact that two 
are unstable shows that the atom could only have a very 
transitory existence. 

The positive root is found to be 

g?/w?=1-6145, 
or 

q/m=1-2706, 
which, of course, needs a small correction, arising from the 
fact that the positive nucleus of the atom moves slightly during 
a vibration. 

We may notice that the unstable modes have no periodic 
feature, for g/aw is in each of them purely imaginary, and the 
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corresponding motion in these modes is a continued enlarge- 
ment of the atom in all its dimensions, whose ratios remain 
constant. 

The Energy of a Pyramadal System. 


At this point we must notice an important formula for the 
energy of a system of the present type. It is, in fact, a special 
case of a much more general theorem relating to systems of 
charges in steady motion under the inverse square law. We 
do not, however, in the present Paper, discuss the more general 
significance of the energy relation, as it is not directly relevant. 
The energy of the present system may be written in the form 


n 1 ny) 


nS, — (ib o2)tJ’ 


1 e { Vv 
ae 2 74)2 a = 
ler ie Rar MTEC AE 
or by virtue of the equations of steady motion, 


rey es vv 1+(o+B)?  S, : 
T+ V=gmny*o mF (-3 I Be ae + salte)| 
it 


e2-( 4d v 1 1 
a YPN ca = 
=ginny?o oF {grit pel ; 


a+p a 
ne il Vv 
y | ££" naBlat) J 


—=— ginny". 
To this a constant C must be added, being the energy of the 
system when scattered to a state of infinite dispersion. It is 
remarkable that the formula for the energy is of the same type 
as for a single ring, in terms of radius and angular velocity. 
Thus for » electrons in a ring of radius a, the energy is 


mny?a* 


boi 


C —Fmnate, 


and the same formula is valid for the total energy if there is 
also a stationary electron on the axis, and, as will appear later, 
if there are two such stationary electrons, one on either side of 
the axis, thereby forming a symmetrical atom. 


A Symmetrical Atom with Two Stationary Electrons. 


In order to complete the investigation, one further problem 
must be considered, relating to an atom which at first sight 


also appears to contain a greater possibility of limited 
stability, combined with symmetry. 


~ 
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_ We therefore next take up the case, of which the analysis 
simpler, of a ring of n electrons with a solitary electron on 
both sides. 


Attention may be restricted to the case in which the elec- 
trons are always equidistant from the nucleus, so that the 
ring does not vibrate transversely. If y is its radius and z 


=e eee A 


> =e 


Fig. 2. 
O is the nucleus. | PO=radius=y. 
Q, Q’ the solitary electrons. 0Q=00'=z. 
P an electron of the ring. 


the distance in the figure, the Lagrangian function for such 
vibrations is given by 


2T =mnly2-+y262)+2me?, 


_ 1\ e? 2ne ne 1 
reat y C-) 
and Dee 
0x 
. 4 
n(y — yd?) = —— 
mn(y — yo) By 
d 2 
ue =0 
au! 0) 


The conditions of steady motion are 
1 na> 


4 Wy) 
2 ) 9,3 
i eo pl p fl pee } 
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’ For the small vibration, writing as before 

G=ot9, and eta, yy, for (2, y), 
_ so that (a, y) are the steady motion values, 

i 20 y= — DAV gee — Yi ays 

dj mn(y,+30%y )= —24V ay =a) ays 


or if the displacements are proportional to e’, 


giving a period equation 


2 Vin 2 2 Vy Sic! Ve ? 
(9 lu a2 mello 


with two principal modes of vibration. We find 


: 2 Qner{y?—2a?) —6ney? 
Vaasa? Sr yt ~ (ety 


sm al ( oe ee ae 2nmo? — Ble 

yy y? 4 n (a?+-y")2 (a?+-y?)? 
6nerxy 
py 
x Vv 1+ ru. 

Let er llleatey. ih ] 
Then 

ny EE | 2 

Oompa” am} 
Vox @ {(2 ee m{l—2o*)) 3n e? 
in my (OP a) oF (Lee J (p08) ay 
Vee e i 2(o7—2) Go? 7 me 
mah 20-2) panel 2 op ae 
Vacs 6noe 
m Pole 


In this type of vibration the positive nucleus does not move 
and calculations of vibrations for this system are free from the 
unusual complexity of the former. It is evident that no steady 


motion exists for atoms of the present type, if they have a 
positive charge. 
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We shall caleulate the case v=5, n=6. Thus 
o=[(0-79167)—-#— 1]-#=(0-16852)-!=2-4359 
(1+-o2)-#=0- 054770, 


o Lamy ‘0631; , 
~ my 
View 2(0-04641 
Ca Aaa lala 
ce 
—W — — ~?(2-091812), 
e mn 
ees a\2 
-=(?(0-22614), Ses =0-004262, 
m 2n\ m 


and the ae equation is 
‘& +0-04612) (S —0-90819) =0:004262, 


with a positive and a negative root. The negative root does 

not correspond to a periodic disturbance, and the system is 

unstable. The value of the positive root is ultimately 
q2/o?=0-91263, 

or q/w=0-95532. 


The 7-ring with Two Solitary Electrons. 

Before commenting further on the vibrations peculiar to the 
system last dealt with, we proceed to collect numerical data 
of sufficient completeness to make possible a general view of 
these systems... For this purpose we perform a similar calcula- 

‘ tion with seven electrons in the rg. The stages of the 
calculation are set forth ak With 2—=7, v=. 


(~ aa) 
9 e 
9. ; PyPy 
=? (ag 6952 — ara) = mp OTT) 


“= 
ie —w?(0-20991), 
oa — w?(2-203305), 
Voy 


L/P 
__( _%\ —0.042675, 
00°(0-77295), Pal m ) eeeale 


andl 
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eo the period equation is, with p=q?/w?, 
(o+0-20991)( 9 —0-796695)=0-042675, 


or o?—0-58678 o—0-20991—0 ; 
whence e=0-837433 
or g/m=0-9151 


for the real root. There is an imaginary root as before. 


The 8-Ring with Two Solitary Electrons. 


In this case, 
o=[(0-59375)—? —1]-?=(0-41557)-#=1-55123, a 
]+ 07=3-4063, 


© (91951 — Je © (1.8770) 
2 a ee 2 mys 
- = — w(0-59709), 
Vw _ «?(2-35920), 
mn 
Viau — 052(1.8595), wee ) =0-214475, 
m 2 
and if O97 Jo, 
(o-++0-59709)(o —0-64080)=0-21447, 
or 0? —0-04371 o—0-59709=—0, 
with a positive root 
e=0-79490, 
or g/o=0-8916, 


and the usual unstable vibration. 


The Energy of the Atom. 


We can show that the energy of an atom with a stationary 
electron on either side of the ring is still given by the same type 
of formula, as with an electron on one side only, or with a 
single ring only. For the energy of the atom with two 
stationary. electrons, and n rotating electrons in the ring is, 
with the previous notation, 


1 | Qn -Qv 

ie Pam Phe Sa a ih? DWE 

BV smal lp, n(v pot yira = 
where l 


yg ne aee 


—— — - 
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1 é 1 Qv 2 1 
= 24,2 z ha eh a : : )» 
Yall re ¥ tal n(: ju) ats 5(?—7) (+0%)| 
il a ely 1 
—=gnnatye + 1 a(¥—4) —n(v— 45s) i 
1 : 1 2 
ae Cy ae ' 
ginny gn (Ip08)3]? 
1 
=—amnw*y?, 


by the conditions of steady motion. We add the constant C 
dependent on the zero of measurement, and obtain the 
energy 

as | C— Smee, 

a formula again of the same type as for the single ring of 
radius y and angular velocity w. 

If the stable periods actually are periods of emitted radiation, 
and if radiation takes place in quanta associated with the 
angular momentum of the ring, it is known that the principal 
wave-lengths to which they give rise form a series with constant 
difference of (wave-length), in the case of a single ring. Such 
series have been detected in the solar coronal spectrum.* Ifa 
system of the present kind is also subject to such laws, its 
stable vibrations would give a spectrum of the same type; 
but the greater instability of the system would probably pre- 
clude its detection. 


Transverse Vibrations of the Ring. 


It is evident that the vibrations already dealt with in the 
atoms with two solitary electrons correspond to the simplest 
vibration in the plane, in the case of a single ring. For the 
rings of these atoms have only moved in their own planes 
hitherto. It is necessary to determine the vibration, also of 
class zero, which corresponds to the simplest transverse 
vibration of a simple-ring atom—in this case a vibration in 
which the ring moves transversely, while the displacements 


* “ Monthly Notices ” of R.A.S., Supp. No. 1912, p. 750, et seg. 
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of all the electrons of the ring are equal atany instant. Ii the 
ring is displaced by an amount s, as in the figure, and (2, 2) 
are the distances of the solitary electrons from the nucleus, 
at present regarded as stationary, we may write 


2T=mnly? y26? | 52) L on(a? 22), 


ysl te oe ne I | I 4 

Vo) hepat Ange ee ea ee 
ne*s,, ne” 

4y  V/yP+s? : 


where in the steady motion, =z, s=0. 


OG=s; | OR=s. 
OY =2=2—s. | OP=radius=y. 


The equations of motion for the co-ordinates (x, 2, s) are 
mi=—V,, m=—V, ms=—V,, 


orif #+%,, 2+2, are put for (x, 2), which now denote steady 
motion values, we derive 


meray =21V et fa Vig 1A al gor Sih oe 
M9?Y = 2 V my + YaV yy teeaV, Pacis 
Mq?S1=2V - SUV sy 2, +81 og 


where =z, s—O after differentiation, 


SSS ae 
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There are relations among these coefficients. For example 
. . , 
V., 18 given by 


= : ee _(s—a)ne* (stz)ne2 , 
sy oy (y?+s?)? [y2-+(s—a)?]' ~ (Pt @-£s)2)' rs 
Zao syle 
oy {0} — hy 


when s=0, »=z. 
The last equation is therefore independent of ¥,. 
Moreover, when s vanishes, V is symmetrical in # and z, and 


exe ae Vas 
We can also show that 
Vig= == Var V= —2 ies Viy= Vo 


after steady motion values are substituted. The equations, 
therefore, take the form 


&1(q? — V x)=Y1V nyt 21 Vee +81V 95 
24g? —Viex)=YV nyt CV ex —81V i 
8y(mn@g-+-2V .,)=(£1—21) Ves 
or, with the elimination of y¥,, 
(&1—24)(mq? — Vag t+ Veg) =281V a8, 
(%— 21) Vg=si(mng?+2V 2); 


with the solution 


Li ey, 60 
(which is the vibration already discussed), or 


This is the period equation of the transverse vibrations of 
class zero, corresponding to the simple transverse vibrations 
of a single ring. 

With steady motion values, 


e pee eo Ri Web sos 38a" e 
Ves= pa age a \@type eg}? 
1 oa 
5 2 hk ea 
Vaan ery e+e 
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or with x/y=o as before, 


Verte Coe i Oo 
mn my? \acpeni eene 
Vie eae n 300" \ 


m my|os (1--o?)? (I4-0?)3 
with the period equation 


(q+ ee r=\(92 aT) _on( 2) ‘ 


Numerical Values. 
Proceeding to the numerical calculation of the various 
systems, we obtain the following results :— 


(1) For a ring of six electrons, with v=5, 
2 
o=2-4359, w= 3-0631—,, 
V xs= —9-028026 mnw?. 


mi 2 
Ves Vine =0-05771 mon, 2n(—#) —0.009425, 
mn 
(q?/w?+0-05771)(¢q?/m? —0-05605) =0-009425, 
with a root 
q?/w?=0-11212, 
so that 
g/w=0-3348, 
and a negative root. 


(2) For a ring of seven electrons, with v=5, 
o=1-84115, w=2-4778—,, 
my 
V xg= —9-057 ( Tmnw?, 
2 
Va V yg =0-24225me%, 2n (=) =0-04672, 
mn 


(q2/co?-+0-24225)(q2/eo2 —0-11554)—0-04672, 
q2/@?=0-21722, q/o=0-4661, 


(3) For a ring of eight electrons, with v—5, 


= 2 
o=1-55123, w=1-8710——, 
NY 
V -s= —0-09485mnw?, 
2 
Vor—Vag=1-5248me0%, 2n (2) =0-14394, 
mn 


(q?/w?+-1-5248)(q?/m? —0-1897) —0-14394, 
q?/w*=0-2699, q/w=0-5195. 
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Collecting the results, the following vibrations are possible, 


with v=5 :— 
(1) n=6, w?=3-0631 


e2 
my? 


g/o=0-9553, 0-3348, 
2 
(2) n=7, wP=24778 g/w=0-9151, 0-4661, 


2 
(3) n=8, ot =187105 q/w=0-8916, 0-5195. 


And with them are associated several unstable modes of equal 
importance. The systems of this type are, therefore, essenti- 
ally unstable to a degree quite transcending that of simple-ring 
atoms. They cannot well form part of any molecular structure, 
and without the necessity of more formal and general investi- 
gations, we may conclude that conceptions of molecules such 
as those of Stark cannot survive the test of quantitative treat- 
ment on an ordinary dynamical basis. They may nevertheless 
be possible under the rule of a non-Newtonian dynamics, but 
the criticism to which they are open, even in this case, is that, 
from a consideration of steady motions alone—in which the 
two varieties of dynamics are identical, as in Bohr’s method— 
the individual atoms can only exist when negatively charged, 
so that no two of them could well form an electrically neutral 
molecule. 
General Remarks. 


Earnshaw’s theorem regarding systems of electric charges 
indicates that atoms of the type contemplated in the present 
paper are unstable. But this fact has not precluded physicists 
from making use of them, just as the demonstrable fact that 
coplanar rings of electrons in an atom are mathematically 
impossible, is even now frequently ignored by speculators in 
atomic theory. In the present case, where not the steady 
motion of an atom, but its stability, is in question, this pro- 
cedure on the part’of physicists is, however, frequently justified. 
A single ring of electrons in an atom cannot be stable, but the 
disturbances which break up the atom on account of instability 
are those which are least likely to occur, so that in spite of 
this possibility, the atom can have as long an existence as an 
electrically neutral system, as 1s demanded by its known 
properties. Atoms of the type in this Paper, however, do not 
satisfy this criterion, and their existence could only be very 
transitory as negatively charged systems. In any other form, 
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or as components of a molecule, they cannot exist at all, 
apart from all question of stability, and this particular con- 
clusion is not dependent on the system of dynamical reasoning 
adopted. It appears to vitiate entirely all molecular con- 
structions such as those of Stark. 

In the Paper some of the stable vibrations are worked out 
in special cases for negative systems which would, from their 
nuclear charge, be identical chemically with others known to 
exist in the solar corona. Although the full comparison is not 
given, it may be stated that the coronal spectrum gives no 
evidence of the existence of such systems. Their instability 
must be too great. Such a conclusion is in accordance with 
the very definite instability of their more important modes of 
vibration. 

ABSTRACT. 

The Paper is mainly concerned with the possible existence and 
stability of atoms, and of molecules formed after the manner sug- 
gested by Stark, the link between the atoms in a molecule being 
provided by a stationary electron on the molecular axis. Atoms on 
the Rutherford model, though dynamically unstable, are stable for 
the simple vibrations ordinarily excited ; but it is shown in the Paper 
that atoms with such a stationary electron have a much more limited 
degree of stability. Moreover, they cannot exist even in an undis- 
turbed state unless they are endowed with a negative charge, for no 
steady motion is possible, and this conclusion extends even to atoms 
regulated according to a dynamics such as that of Bohr. Stark’s 
conclusions do not, therefore, survive a quantitative treatment, and 
molecules cannot be formed in the manner he supposes. 

The Paper also discusses the more symmetrical problem, in which 
there are two such stationary electrons in an undisturbed atom, and 
it is shown that systems with a transitory existence, which are known 
by their spectra to occur in the solar corona, are apparently unac- 
companied by the still more transitory systems which would be 
formed by the attachment of an electron after the manner of Stark. 
This is a further argument against the possibility that two atoms 
in a molecule can be linked by a single electron, or by two electrons, 
which attract both atoms. 

DISCUSSION. 

Mr. T. Smrru asked if it would be possible to make some such generalisa- 
tion as that symmetry in the system was essential to stability. 

Dr. Borns asked what was meant by the statement that the atom 
with +5e and —7e is strongly represented in the solar corona. 

Dr. R. 8. Wittows said it was of great advantage that eminent mathe- 
maticians were investigating the suggested models of the atom and 
attempting to compare the results with experiment. Stark had made 


some brilliant experimental discoveries, but his theoretical deductions 
appeared to be faulty. 


Prof. NicHoLson, in reply, said he thought some such generalisation 
as that suggested by Mr. Smith could be made. At any rate, the greater 
the symmetry of the system the more liable it is to be stable. In reply 
to Dr. Borns, he meant that certain lines of strong intensity in the 
spectrum of the corona were referable to such a system. 
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VI. Presidential Address, delivered January 25, 1918, by. 
Prof. C. V. Boys, F.R.S. 


THE cruel exigencies of the war have seriously impeded 
the work of the Physical Society, as of all our scientific institu- 
tions. Many of our members are doing their duty to the 
country at the front, and many are devoting themselves to 
problems and hard work imposed by the war conditions, and 
but little time has been available for those scientific pursuits 
in which as members of the Physical Society we are normally 
engaged. 

Since my predecessor delivered his address a notable event 
has occurred which has stirred the scientific community to a 
degree which I think has been unnecessary. I allude to the 
passing of the Daylight Saving Bill. Looked at scientifically 
the thing is ridiculous and a sham, and as such it is naturally 
hateful to us. But the community at large is not scientific. 
Thanks to our school education, the general public has a very 
vague idea of the meaning of time. It has a vague idea that 
the sun has something to do with the time of day, and that in 
afcrude kind of way it may even be used to indicate the 
time, but that it isnot so good asa clock. In the stress of 
war the public has been made to realise that it is de.irable in 
the'summer months for us to start the day sooner and save, not 
daylight, but paraffin and gas, and that the ultimate objects 
for which Mr. Willett strove were in most respects ex- 
tremely advantageous. The practical and simple operation of 
putting all the clock: wrong, so avoiding alterations of postal, 
banking and other business hours, or of reprinting the railway 
time-tables, though hateful to us in principle, did not disturb 
the general public, not because all the clocks told the same lie, 
but because, so far as the multitude were concerned, it was not 
a lie at all; for, as I have said, they have the vaguest idea of 
the relation of the sun to time of day, for is it not morning 
before lunch and after noon after lunch ? And they have no 
understanding at all, either of mean time, of Greenwich or 
local mean time, or of equation of time. And then when the 
question was discussed and settled in Parliament we may con- 
clude that the gentlemen there aptly represent their constit- 
uents, for the member who introduced the Bill, a member of 
this Society also, being apparently of that opinion, made fun 


of the whole system of Greenwich mean time, so that they 
; G2 
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should not do violence to their collective conscience in passing 
the Bill. . 

I do not propose to weary you with a discussion of the metric 
question, for all that can be said has been said so oiten, 
but it is of importance in relation to education. I believe the 
reason why in England we are at school so backward in mathe- 
matics is that the scanty time that is available is fer so long 
not devoted to mathematics at all, but to the wholly unprofit- 
able business of committing to memory tables of weights and 
measures, and learning all kinds of compound operations which 
the use of these medieval relics require. While agreeing with 
other representatives of science that the classical schoolmaster 
has too much influence in determining the course of our public 
school education, I do feel very strongly that so long as we can 
afford to allow our education to be something more than merely 
utilitarian, we should not give up the study of Latin and Greek, 
certainly not of both. Besides being the parent of the modern 
Latin tongues, which seem so well adapted for expressing 
clearly mathematical and scientific reasoning, Latin gives us a 
clean cut grammar from which the principles of grammar can 
be assimilated with a facility that is impossible with a modern 
language such as English, which has practically lost its 
grammar. I feel that much of the modern slovenly writing 
from which authors of scientific Papers are not wholly free, is 
the result of insufficient literary education, If we had less 
time more humanly spent we might get further in reading Latin 
authors, and in addition acquire some facility in writing Latin, - 
and use it later as in the days of Newton as the language of 
general international communication, at least for our scientific 
publications. 

Another matter of public importance which has relation to 
the meagre recognition of science as an element of general 
education has been so consistently urged that I do not care to 
repeat what we know. I would only say, mainly in answer to 
any prevalent ideas that our officials need not be scientific, 
because they can get all the scientific advice that they want, 
first, that possibly they may not always know when they want 
—1.e., need—such advice, and, secondly, without scientific 
training of any kind they may not appreciate the meaning or 
force ol it when they getit. 1 cannot help being reminded of a 
statement made by a fellow-student of the Schcol of Mines that 
in his country there were some people who were so superior to 
ordinary folk that they would not allow their sons to be taught 
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how to write, as that was clerk’s work, and they could get all 
the writing they wanted done for them without degrading 
themselves. This may or may not be true, but the paralelism 
is very close. There is, however, another parallel which I 
know to be true. When in the early days of the Physical 
Laboratory in which I spent so much of my activity, an 
attempt was made to get a lathe, a poor little amateur type of 
lathe, the attempt was met with an official objection that 
all the turning that had to be done could be done outside ! 
However, Dr. Guthrie had his way in the end, and that 
poor, little, despised lathe justified its existence, and I am 
glad to hear that it is still in use. The change in the 
official attitude between that time and the present at least 
as to the requirements of a physical laboratory, may be 
seen by an examination of the splendid workshop which now 
exists. 

The want of knowledge of the elements of science and hence 
of proportion and common-sense among those who have to 
administrate, whether in the higher official ranks in Whitehall, 
or in more humble local affairs, leads from time to time to 
fatuous acts or wanton and wicked waste. What better 
example can we have at a time when fuel is scarce and publie 
waste is more than ever a scandal, than the method of darken- 
ing our streets, which after three years still prevails. No doubt 
there is some reduction in the light actually developed in the 
street lanterns, but how much reduction there may be no one 
can tell, for those who are responsible continue to hide their 
light under a bushel, and produce at least a hundred times as 
much as they utilise. 

I should like to add another example of endless discomfort 
and expense, not the result of any official ignorance and 
indifference, but of the want of sense of the community In 
general, and in many cases of the neglect of the architect to 
stand between the builder or plumber, whose indifference is 
so carefully cultivated, and his miserable dupe, the house- 
holder. You will not fail to realise the annual agony of 
the burst water pipe, which results from the builder’s habit 
of getting all pipes to outer walls, and, not content with 
that, there enclosing them inaccessibly, or to placing service 
pipes at insufficient depth. The burst water pipe is unknown 
in really cold countries where the elements of sense are 
allowed to prevail, and it is unnecessary here. Sunilarly, 
during our rare periods of great heat, it 1s impossible to per- 
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suade people in this country to shut the heat out during the 
day and open to the cool of the night. ; 

‘As all my contributions to Physical Science have been ex- 
perimental, and I have consistently devoted myself to the art 
of experiment, it is possible that some observations on this 
may be usetul. We all have our particular aptitudes, if we 
have aptitude at all, and it is best for general progress that 
each individual should, so far as it is possible, be so engaged 
that his aptitude has play and his activity is in consequence 
the more successful. In our own science there are widely 
different ideas prevalent in the different branches. The 
borderland between Physics and Chemistry, for instance, in- 
terests a mind for which the geometrical perfection of Optics 
or Crystallography might offer no attraction, while it may be 
almost incomprehensible to those who delight in the mecha- 
nical side of physics. Similarly, there are aptitudes even 
more distinct leading towards abstract, theoretical or mathe- 
matical development, or, on the other hand, in the direction of 
experiment and invention. It is those who feel that this last 
is the direction that they can follow with most hope of success 
that in particular I am now addressing. In order to succeed 
as an experimentalist it is necessary to find by personal ex- 
perience how as many materials as possible behave under as 
many conditions as possible, and this can only be done by one 
who will practise every mechanical art and use every tool and 
every instrument that hecan. In the first place, it will be best 
to learn in the spirit of the amateur mechanic who wants to 
make things nearly as well as the professional, and who, there- 
fore, merely imitates the practice of the professional mechanic, 
but this must not last too long or the would-be experimentalist 
will not cease to bethe amateur mechanic. When each art and 
the tools and methods employed have been practi‘ ed so that 
the operator has some confidence in his judgment as to what 
will happen, he may and should then use them as required, 
not as the amateur mechanic does imitating the professionals, 
and trying with probably less skill to make his work look as 
much like theirs as possible, but, defying all the traditions of 
the art, utilise the information so gained to his own ends to 
help him in his investigation, even though intentionally he 
does it in a way that would horrify the professional. It is 
this slavery to tradition and practice that makes the assistance 
ol the professional so tiresome to the experimentalist. So 
often it takes less time to do without such assistance. I have 
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been constantly impressed by an expression due to Fresnel, 
quoted to me by a member of this Society : ‘“‘ If youcannot saw 
with a file or file with a saw, you will be no good as an experl- 
mentalist,” or words to that effect. If any of our younger 
members should have any lurking suspicion that understand- 
ing and practice of the mechanical arts which is essential to 
manipulative skill is derogatory, I would urge him to consider 
what Fresnel did for the science of Optics, and to take his advice 
to heart. Again, I would urge him to think of what Newton 
did for Mathematical and Physical Science, and yet such was 
his experimental aptitude that he made his reflecting telescope 
(now a cherished possession of the Royal Society) with his 
own hands, and I believe discovered the use of that most unex- 
pected but necessary substance pitch,* as the material for the 
polishing tool. Let him think of the helplessness of an experi- 
mental chemist who could not perform the elementary opera- 
tions in glass-blowing, or of the experimental genius of Caven- 
dish or Faraday if he thinks devotion to the art of experiment 
unnecessary. 1 know the very natural feeling of distrust in 
his own ability to construct or to extemporise devices that will 
really work at all. Even though he may never attain the con- 
structive skill of the professional in any one art, he must prac- 
tice as required every art, and he should arrive at results as he 
wants them which meet his requirements better than anything 
he could get done, because he knows exactly what he wants, and 
far more quickly as he will, when he has got over his amateur 
mechanic days, .reiuse to waste time on conventions of finish 
or of unnecessary elaboration. Let him beware of listening 
to the mischievous advice of another whose fingers perhaps 
are all thumbs, not to waste his precious and valuable time in 
doing the work of a mechanic, for the experimental art for 
which he is fitting himself is not the art of a mechanic, but it 1s 
the constant use of the knowledge, skill and experience of the 
mechanic, so far as it can be attained, guided by science and 
first principles, to produce new or better results than the pro- 
fessional can give him. I do not wish to dwell too much upon 
any of my own experiences in illustration of this, but I hope I 
may without offence refer to the development of the radio- 
micrometer. When I had considered the theoretical possi- 
bilities and determined the direction to follow, I found that the 
success of the instrument should be the greater as the thermo- 

* T am informed by our member, Mr. T. Smith, of the National Physical 


Laboratory, that Newton probably learned of the use of pitch from 
Italy. 
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electric bars could be made smaller in cross-section. The 
antimony-bismuth alloys so greatly exceeded in thermo- 
electric power any ductile metals that 1 knew that I wished 
to use these, and at the time, having no experience in making 
delicate thermo-electric couples, I asked the chief designer of 
one of our leading instrument makers what was the smallest 
bar that they could make and solder. The cross-section was 
one or two square millimetres. Now it was essential that I 
should use bars of not more than about one-twentieth of a 
square millimetre in section, and I was assured that I could not 
get that done. It did not take many days to find out how to 
produce and solder such bars, employing not more than a filth 
of a milligramme of solder for each junction, but not by imitat- 
ing the professional in any respect. I remember that when I 
was making my early experiments in this class of construction 
a certain instrument maker called, and I showed him what I 
wanted to do. He said I had far better let him give it to his 
really skilled mechanics to do it properly, and not waste my 
valuable time in vain attempts. Naturally I paid no atten- 
tion and soon found out how to succeed. And then I was 
brought up short by the non-existence of any suitable sus- 
pending fibre. This led to a further investigation from which 
the quartz fibre was evolved. First, there was the necessity 
for making a non-extensible and elastic fibre with a stiffness 
if necessary one-thousandth or one-ten-thousandth of that of 
spun glass. Then the trial of materials to find the best. Only 
glass and the siliceous minerals possessed the property of 
drawing out into threads, and silica alone when the diffi- 
culties of working it were overcome, was found to be the mate- 
rial par excellence. Now, l ask the superior person what chance 
should I have had in arriving at any of these results by going to 
the professional mechanic. The experimental art, the im- 
portance of which I am urging, cannot be done entirely by 
deputy, nor can it be understood if it is not practiced. Tf any 
of our members should doubt the truth of what I am saying, 
he will find innumerable examples of experimental success 
depending on the experimental art if he will read the pub- 
lished volumes of Lord Rayleigh’s researches, in which one of 
the most inspiring features is the fact that in one research 
after another existing knowledge is increased by home-made 
means, which are profoundly delicate or accurate, as the case 
may be, but are of surpassing simplicity. 

I have made it my business to use every tool and instrument 
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and to handle every material that | could, and I know no other 
way oi finding out the possibilities of construction. Though 
written so long ago the famous first three volumes of Holt- 
zapptel are still the best storehouse of information on pro- 
cesses at large, and | take this opportunity of expressing 
my gratitude for all that I learned from them. I remem- 
ber on one occasion having the opportunity, not by any 
means common, of handling five or six large uncut diamonds 
each as big as a walnut. Now, after getting over the surprise 
of noticing that diamonds are so heavy, though I knewit as a 
fact, the first thing to arrest attention was the curious result of 
bringing two into contact. Of course, everyone who has 
reached the early stage in manipulation of blowing glass bulbs 
has noticed the difference in the contact of freshly-blown glass 
bulbs and of bulbs which have been made any length of time. 
But the contact of diamonds is unlike either. There is a pecu- 
liar slipperiness, due, I think, to the feature I am now about to 
discuss, which is found to a less degree in a heap of flints. 
When brought into contact while held lightly in the fingers 
they emit a curious note, running up into a kind of in- 
terrogatory or falsetto squeak. Doing the same with softer 
materials leads to sounds with most of which we are familiar, 
but the diamond is unlike any. The soft touch of two corks, 
or the dead contact of two bullets of lead indicate naturally 
enough the softness or want of elasticity of these materials, 
and yet they are each elastic in their way. Harder materials, 
such as cast brass, and then gunmetal, again produce sounds 
that differ from the others and from one another, and the 
sounds give the sensation of increasing hardness or elasticity. 
Glass and dead-hard steel differ again, but they are not like 
diamond. ‘There is some sense of bouncing, but it is not till 
the diamond is used that this squeak is heard. My observation 
was made years ago, and the opportunity did not last many 
minutes, so I cannot do more now than give a general impres- 
sion, though no doubt what was a new experience to me is 
commonplace enough among those who habitually handle such 
property. My impression is that the note produced must have 
run up, perhaps, to 2,000 vibrations persecond. Just asa ball 
under gravity bouncing from.the floor makes smaller and 
smaller excursions at diminishing intervals proportional to the 
square root of the height, so each diamond lightly held by the 
soft fingers is under a fairly uniform force directing it towards 
the other one. I do not remember whether this force was 
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likely to be equal to or be much more than their weight, but, 
supposing for the moment it to be equal, see what this note 
means. If the note ever does reach the 2,000 vibrations per 
second, which is the impression left with any such steady 
applied force, it means that the diamonds are bouncing when 
so heard with slowly diminishing excursions of 1/80,000 inch, a 
phenomenon only possible with a material of such perfect 
elasticity or hardress. I have been able to turn the informa- 
tion obtained from this observation to account in a curious 
direction, to which I cannot refer, but I am now mentioning it 
because it is possible that some light might be thrown on the 
subject of the determination of hardness of hard materials by 
tests of this kind. It is true that all that is really observed is 
the approach to perfection of the coefficient of restitution, but 
as the superlative hard material has this quality, the question 
arises whether the two do not go together. Coefficient of 
restitution or elasticity we do understand in the sense that 
we can define it exactly and give it dimensions, but hardness 
is despairingly elusive. We all know the scale of hardness in 
minerals in which the diamond is pre-eminent. The harder 
material will scratch the softer, but not be scratched by it. 
Again, we know that there are certain empirical methods of 
testing the hardness of metals in the workshop. Of these, the 
Brinell test, which depends on the measurement of the depres- 
sion made by a steel ball under pressure is no doubt the best 
known. There is another test with an instrument called the 
Shore Scleroscope, which depends on the rebound of a diamond- 
faced hammer. Another class of test depends on a scratching 
process, and yet another on resistance to wear. But the re- 
sults of different tests do not necessarily agree, because though 
intended to measure hardness they are in reality measuring 
something different. The subject is discussed very fully in 
the “ Proceedings ” of the Mechanical Engineers for Novem- 
ber, 1916, a copy ot which was kindly sent to me by Sir Robert 
Hadfield. Se 

The general conclusion come to is that tenacity and elas- 
ticity are main factors determining the result of a test. It 
is also found that when the hardness of dead-hard tool steel is 
reached the methods of testing have come to their limit. The 
subject is so curiously involved that it may be well to consider 
the scratching test. A corner of quartz will scratch hard 
steel and a sandstone grinder will grind steel. On the other 
hand, if the scale of pressure is altered the steel tool will 
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plough out a groove in the sandstone. Here no doubt the 
structure of the hard grains and cementing material is less 
strong than the material of the grains, and this may be a true 
explanation so far, but I believe that a properly held steel tool 
very forcibly applied to a well-supported large crystal of quartz 
would crush the harder material in front of it, and so could be 
made to scratch the quartz crystal. If so, what is the meaning 
of any scratch test ? 

At any rate, there is a well-known tool used largely for 
turning granite and hard rock, in which a hard steel dise 
dished and narrow at the edge rolls under pressure over the 
material, which comes away in flakes, while the steel is un- 
damaged. Another factor of the utmost importance is speed, 
but it would take me too far away to pursue the discussion to 
this. It is difficult to define hardness. It comes back to a 
question of tenacity, resistance to crushing or to shearing. 
This is true of the Brinell test, while the Shore test introduces 
also elasticity, but it is not only elasticity, tor it requires that a 
permanent indentation be made and work done on the material 
leading to a reduced rebound. The question arises whether 
there is any such thing as hardness at all—.e., in the physical 
sense—exactly definable and having dimensions. [am almost 
forced to think not, and that what is appreciated as hardness is 
a variable and unknown combination of these other qualities. 
Hardness is the Mrs. Harris of the workshop. This does not 
prevent the workshop determination of hardness of metals 
from being of great practical importance, and it is the more 
complicated by the crystalline structure of metals. For this 
reason Sir Robert Hadfield has offered a prize for a new and 
better workshop test of hardness of metal, more especially for 
the harder kinds, to which I am glad to direct your attention. 
Now, going back to the diamond and its squeak, it seems 
possible that a determination under defined conditions of the 
musical rebound would enable one to differentiate between the 
hardness of very hard materials from the diamond down to 
steel or even lower. Where conducting bodies are concerned 
the use of a Duddell oscillograph would enable one to deter- 
mine the period of rebound and the rapidity of its diminution, 
and hence under exactly known pressure conditions the coefii- 
cient of restitution. According to the hardness there would be, 
I expect, an abrupt stoppage of the actual bouncings, so that if 
for instance, the last bounce of diamond was found to be 
1/100,000 inch, sapphire, topaz, quartz and steel would in order 
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show more rapid diminution of period and a larger final excur- 
sion. Of course, any such test is unlike tests which depend 
upon permanent deformation, and being entirely within the 
elastic limit, it is possibly useless as a workshop test for metals, 
but it might give some useful information on hard minerals and 
crystals. In the case of non-conducting crystals the only way 
of connection with the oscillograph would be through a micro- 
phone, for the diminishing period only need be determined 3. 
the diminishing and final terminal amplitude then follow. 

Hardness is not the only elusive physical quality which is 
perplexing engineers at the present time. When the worm- 
gear designed by Lanchester was tested for efficiency at the 
National Physical Laboratory in that beautiful testing machine 
invented and designed by Lanchester also, a machine which 
directly measures the loss, instead of leaving it to be found as 
the small difference between two imperfectly known large 
quantities, it was found that the lubricating property of oil 
depended on something which at present is unknown. It is. 
not viscosity. Animal and vegetable oils lubricate better— 
v.e., they are more slippery than mineral oils of the same 
viscosity—and though the oil trade has known how to make 
good slippery mixtures no one at present knows what “ oili- 
ness ”’ is, and this is at the present time an important physical 
quest of the engineer. It may, for instance, be as real as 
hardness, in being a combination quality, and yet share with 
hardness its relationship with Mrs. Harris. 

Here, then, are two very difficult and at present elusive sub- 
jects of inquiry, for which the engineer seeks a practical answer, 
but in so far as any practical answer is based upon exact prin- 
ciple and strict definition will it be likely to approach to a true 
and complete answer, and this part of the answer is one which 
Members of this Society might seek for, for it is clearly within 
the domain of physical science. 

While there is always abundant scope for the better utilisa- 
tion of scientific principles in our manufactures, [ would most 
earnestly caution enthusiasts from our science schools against 
supposing that manufacturers are ignorant, and that they can 
easily put them right. I have probably seen more of the de- 
velopment of invention in manufacturing operations in the last 
quarter of a century than the majority of those concerned in the 
teaching of science, and I am bound to say that I have been 
struck on the whole not by the ignorance prevailing, but by 
the wonderful ingenuity and thorough understanding of what 
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they are doing to be met with in the great factories. Not only, 
as the scale is increased and special knowledge is impressed, do 
we find the scientific equipment in men and things the more 
perfect, but when fiscal conditions allow and the scale is suffi- 
cient, the tables are turned, and discovery and research of 
value to science are made in the factory which would be out of 
the reach of our scientific institutions or possibly even of our 
national laboratories, simply on the ground of expense and 
equipment. The researches connected with the name of Dr. 
Coolidge, at Schenectady, on tungsten, and the production of 
targets and the drawing of this refractory metal through red- 
hot diamonds, appear to me to be an example of such retalia- 
tion. The enormous cost of such researches is only possible 
in the development of a great industrial process, and in such 
cases pure science is benefited by industry. 

In advocating more attention to the cultivation of experi- 
mental art, you will understand that I am not suggesting in 
the slightest degree that theoretical and mathematical study 
should be neglected. My theme is that experimental art is 
essential to success, and that it tends to be too much neglected. 
Just as the classic schoolmaster takes charge in our schools, and 
makes every other subject give way to his favourite classics, so 
there is danger of our more theoretical professors iailing to 
realise that there is an immense lore on which the experimental 
art is based, and that successful experiment is an essential 
element of scientific progress. 
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VII. Recording Thermometer. By C. V. Boys, F.R.S. 
ReceIveD Nov. 15, 1917. 


THE instrument described in this Paper was designed to meet 
a special case, and while there is no new scientific principle 
involved it is so simple and so easily made and its operation 
is so good that a description of it may be of some interest. 
The object sought was to obtain a continuous record of the 
temperature in the case of a regulator clock which I knew to 
be over-compensated for temperature, but I wished to have 
something better than readings of a thermometer in the clock 
at week-ends only, so as to compare the rate as determined by 
a transit instrument with the mean temperature. I have a 
fairly good idea of the amount of over-compensation from 
about 18 months’ comparison of rate with the weekly tem- 
perature readings, but a continuous temperature record would 
be much more satisfactory. 

Inside a clock-case the pendulum and falling weight break 
up the somewhat restricted space available, so that an instru- 
ment must be adapted to the situation ; further it is desirable 
that the thermometer part of the instrument should extend 
over about the same limits of level as the gridiron and bob of 
the pendulum rod. I have, therefore, taken an ebonite rod 
35 inches long and 3 inch in diameter and threaded it through 
a stout glass tube. The rod is sawn through at each end 
axially for a short distance and cross-drilled so as to take at 
the lower end a bridge made of a piece of hacksaw blade and 
at the upper end the short arm of a lever of which the fulerum 
is also a piece of hacksaw blade. A notch is filed diametrically 
across the glass tube at its lower end for the bridge to bear 
against, while a corresponding notch is filed across the glass 
tube at the other end about tangent to its inner surface. A 
brass ring is cemented to the outside of the tube a few inches 
from its upper end, and a spring (Fig. 2) connecting the long 
arm of the lever with this ring keeps both knife edges in firm 
contact with the filenotches. This part then is a self-contained 
whole and the end of the long arm moves about 7 times as 
much as the ebonite within the tube. The tube is suspended 
in the corner of the clock out of reach of the pendulum from 
a bracket, which carries also a cantilever support adjustable 
in all directions for the axis of the recording pen. This also 
is provided with a short arm which comes below the end of 
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the long arm of the thermometer, and a long arm reaching 
across the clock between the pendulum gridiron and the weight 
to the pen which makes its record on a drum on the other side. 
The weight of the long arm of the pen causes the short arm 
to rise as far as it can, -but it is controlled by a steel rod 
pointed at each end. The points rest in centre punch dots 
above the short arm of the pen lever and below the !ong 
arm of the thermometer lever. There are a number of these 
dots and it is a small matter to shift the rod from one to 
another until the desired scale of magnification is reached. 
A piece of cotton is tied to the steel rod and to the cantilever, 
so that if the rod is dropped it does notdescend into the 
depths. I have found the dimensions stated below give a 
movement of linch for 10°F. at temperatures of 40°-55°K. 
Having in the country no means other than the seasons for 
regulating the temperature, I have not at present determined 
to what extent the scale is more open at higher temperatures. 
Ultimately I should rule paper to agree with the instrument 
rather than try by inclination or slight bell-cranking of the 
levers to cause them to introduce an approximate correction. 
I have made the pen of silver, somewhat like a drawing pen 
of a box of instruments but without a screw and very small 
and well finished, and it rules a very fine clean line. The 
record can be read to so° F., and the whole arrangement is 
so rigid that it could certainly be used with more magnifi- 
cation to record to xé0° C. on an empirical scale, which 
would have to be determined. 

It seemed absurd to put a driving clock into a drum already 
situated in a clock, and so I have made the tollowing arrange- 
ment for moving the drum. The drum is a free fit upon a wheel 
with tubular centre which turns on an upright steel rod. The 
drum may thus be lifted off to change the paper. The wheel 
rests upon a washer and boss. Under the horizontal wheel a 
radial axis is placed with its inner pivot close to the boss and 
its outer end resting by means of a groove in an upturned V on 
an elastic arm. Beyond the groove and overhanging a 4-inch 
pulley of aluminium is fixed to the radial axis. Between the 
groove and the inner end a roller of ebonite about 0-3 inch in 
diameter is also fixed, and this is pressed by the elasticity ot 
the arm and V up against the lower surface of the wheel. The 
two surfaces are smooth and conical, but the ebonite cone 
is slightly convex so that it may be adjusted and still give 
approximately correct rolling. A cord from the bottom of 
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the clock weight passes under a pulley on a weight let down 
so as to rest on the floor of the clock under the driving weight 
up over the aluminium pulley to a peculiar weight to be 
described later. As the clock-weight falls 1} inches a day 
the drum rotates } inch a day, and so the ordinary barometer 
charts are available, the two-hour periods becoming days and 
the horizontal so inch spaces being $°F. In the place of 28, 
29, 30, 31 inches are written 40°, 50°, 60°, 70°, but when the 
winter had fairly started these were made 30°, 40°, 50°, 60°, and 
in the summer 50°, 60°, 70°, 80° may be chosen. There is 
a screw adjustment under the pen carrier, shown in Fig. 2 
so that it may be adjusted in a moment so as to read 
correctly. 

I have said that the s nall weight is peculiar. It is desirable 
when the clock is wound, which need be only once a month, 
that the drum should not unwind and require resetting, and 
it is desirable that the small weight with its smaller fall should 
not limit the time that the clock may be left unattended. 
Further it is desirable that the pull on the cord below the 
weight should not appreciably alter the driving force of the 
weight. These three ends are attained by taking the cord 
round a pulley on the small weight and up to a nail which 
halves the fall, and then by fixing two pieces of wine cork very 
nearly in contact above the pulley and leading the cord round 
these two quarter turns, so that it enters and leaves adjacent 
to itself. Owing to the friction of nearly half a turn of cork 
the entering cord and the leaving cord are very differently 
loaded, the ratio e“’ being perhaps 1 to 5. Taking this as 
an example the cord round the pulley carries only one-sixth 
of the small weight when the clock is going, and this is all 
that is added to the pull of the clock weight, while the nail 
takes five-sixths. The aluminium pulley is therefore pulled 
down as by 4 of the small weight and the spring V support 
overcomes this and keeps the ebonite roller in driving contact 
with the drum. When, however, the clock is wound, the cord 
over the aluminium pulley, which had been the entering 
cord, becomes the leaving cord and its tension is increased 
five fold, and the aluminium pulley now carrying 12 of the 
small weight overcomes the spring-V support and the ebonite 
roller moves down out of contact with the wheel carrying the 
drum, through about a thousandth of an inch, where it is 
limited by a screw stop. A second screw is provided to 
boost the spring if necessary (Fig.3). It would not do simply 
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- pass the cord round a pulley on the small weight secured 

aes so that it could not turn, because with the two cords 

| so lar apart a considerable movement would occur before the 

transfer of the load by the rocking of the weight was suffi- 

r cient to put the spring V into action. : 

5 Fig.1 

| 


Fig.4 


A, the ebonite rod in its glass tube. H, recording drum. 
5, upper knife edge. K, aluminium wheel. 
C, long arm of thermometer lever, 2 | L, small weight. 
inches (short arm about 0-:3inch). | P, space occupied by pendulum rod. 


D, short arm of pen lever 0-7 inch. Q, space at lower level occupied by 
2, axis of pen lever. pendulum bob. 

F, long arm of pen lever 8} inches. W, space occupied by driving weight- 
G, pen. 
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Fig. 1 is a. plan showing the position of the parts of the 
instrument as placed in the clock. Fig. 2 is an elevation in 
which the thermometer is removed from its bracket and 
turned round about the pointed steel rod as an axis so as to 
show more clearly the operation. The insets Figs. 3 and 4 
show the small weight and the spring V, &c., used for driving 
the drum. 

I should mention that ebonite was used by Edison about 
40 years ago in the instrument he called a tasimeter. It has a 
very large coefficient of expansion which makes it a convenient 
material for use in instruments of this class. It would also 
be an extremely convenient expanding element in a compen- 
sation pendulum, but it might not be suitable for clocks of 
high precision on account of a slight want of proportionality 
in its expansion. 

I show in Fig. 5 a design for a temperature recorder to go 


into an ordinary barograph in front of the barograph mechan- 
ism. Itseems hardly necessary to give any further description. 
A convenient scale to aim at would be 1°F.=s5 inch, so that 
the 3 inches would cover 60°. The pen would be }inch in 
advance of the barograph pen, so that the two records on the 
same paper would differ in time by two hours and different 
coloured inks might be used. The connecting bar being in this 
case in tension would hook over notches as shown, and the 
right notches would be found by trial. The glass tube is 
shown cemented into a collar near one end resting on trun- 
njon pivots, and it can be raised or lowered by a screw lever 
at the other end to adjust the position of the pen on the scale. 
A spring band to the right of the collar draws the long arm 
of the thermometer lever towards the glass tube, thus keeping 
the two knife edges in firm contact with their V’s. With a 
length of ebonite of 6 inches a magnification of 220 would 
be needed, which would conveniently be obtained with a first 
lever magnification of 20 and a pen lever magnification of 11. 
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_ It will be noticed that with this design the magnification 
Increases with the square of the length. 


ABSTRACT. 


This instrument was designed and constructed to go into the case 
of a regulator clock. The thermometric element consists of a rod of 
ebonite within a glass tube. The differential expansion is deter- 
mined by a pair of levers giving a movement of 1 in. for 10°F. The 
drum carries an ordinary barometer chart, and is driven at such a 
speed that a two-hour interval of fin. is passed in 24 hours. The 
drum is driven by friction by means of a cord from below the driving 
weight of the clock by an ev? arrangement, in virtue of which when 
the clockweight descends the drum turns, but when the clock is 
wound the drum remains at rest. The instrument is designed with a 
view to easy construction and accuracy. It is extremely rigid, and 
much more magnification might be used. 

An alternative design on the same lines to go into a recording bara- 
graph is also given. 


DISCUSSION, 


Mr. C. C. Parerson said that for certain purposes a quick-acting 
sensitive recording thermometer was very useful. What was the time 
lag of this instrument in taking up the temperature of the surroundings ? 

Prof. Lexs asked how the ebonite behaved as regards constancy. 

Prof. Boys, in reply, said that for his purpose the thermometer was 
desired to be slow and sluggish, so as not to take up every trifling varia- 
tion of temperature due to people entering the room. To make it quick 
acting, a thin strip of ebonite would have to be used, and the glass tube 
should be replaced by a stout glass rod or plate some distance from the 
ebonite. As regards constancy, he could only speak for the three 
months that the instrument had been in use. There had been no signs 
of variability in that time. 
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VIII. The Primary Monochromatic Aber-ations of a Centred 
Optical System. By 8. D. Cuatmers, M.4., Technical 
Optics Department of the Northampton Institute. 

Recetvep NoveMBER 14, 1917. 


In considering the defects of an optical system the first step 
is to obtain a simple theory of optical systems, ignoring all 
those effects which tend to produce bad definit’on or distortion 
of the image. This theory should furnish the ideal positions 
and sizes of the images to serve as comparisons with the actual 
results obtained by the system. 

The next step is to take into account the most important 
of the causes which contribute to the defects of simple lenses 
when they are used with moderate apertures and fields. These 
defects will be referred to as Aberrations of the First Order. 

In practical systems these defects are usually compensated 
by other lenses, and the residual defects are made up of the 
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uncompensated effects of the First Order and other defects 
which are ignored in this treatment, and will be referred to as 
Aberrations of Higher Order. 

In the treatment of the First Order Aberrations two methods 
will be used, one primarily suited to the case where the separa- 
tion of the surfaces is small, and the other more suitable to the 
case where the separations vitally affect the design. 

The aberrational defects are expressed as lateral aberrations, 
v.e.,a8 defects measured in the focal plane of the system. The 
procedure adopted is to express the aberrational defect of a 
single surface in terms of the constants of the surface and the 
perpendicular distance of the ray considered from the centre 
of curvature of the surface. 

‘The value of this perpendicular can be expressed in terms 
of the co-ordinates of the ray in any chosen medium, and thus 
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the aberration due to each sarface can be expressed in terms 
of the co-ordinates of the chosen ray, in such a way that the 
aberrations of the individual surfaces can be summed. 


Refraction at a Single Surface. 

Let PB, (Fig. 1) be a spherical surface of radius r, separating 
the two media m» and n,. Let C, be the centre of curvature, 
B, the vertex and P, any point on the surface, and let the ray 
which was travelling in the direction P,A, in medium n, be 
deviated to P,A, in medium ny. 

Denoting the angles C,P,A, by 7, and C,P,A, by j, the law 
of refraction gives 

No SIN 24=Ny SIN Jj. 

In the triangle CPA), we have— 

snC, PA, 
Sie, eA, 


PA, _sinC, _snC, PA, (1) 
echo Most, Masing, MO, " * 


If the perpendiculars C\N j= ) and C\N,=p, be dropped 
from C, on P,A, and P,A, respectively, 
PA y=(C\P?—p,?)#+ (C14? — po’), 
and this expression can be expanded in powers of p,°, 


F 1 1 
PA, =C,P+-C,A,—300 (op. CA, 
Similarly, 


ey am | 1 
P,A,=C,P+C,A,—$p-" oe ieee Sy Paps nee: 


) i terms in po', &e. 


Writing C,P=r, we have from equation (1) 
Ty+CyAn 4 Po’ Ee i ) 
mene nC Ast, CA 

1 Geer ON 2 ee a ne 
7c 4, "nC ,A; G toa) 


and we shall approximate at first by ignoring all terms in 
po? and p,”, but shall take these terms into account later on. 
If the terms in p,? and p,” can be ignored, all rays proceeding 
to A, will be deviated to A,, whatever be the position of P,, 
and A, will be the image of Ao. 
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To this approximation 
m+Cy4q9_ 711+ C 14, 


SS ee ee ee 
NCA 4 n.U,A, ( ) 
Dividing by 7, this can be expressed as 
1 1 1 1 


NU ,45 Moh MgQCAs Nery (4) 
If a small object Aj, at right angles to the axis be con- 
sidered, and a plane be drawn through 4, at right angles to the 
axis, a ray proceeding to Ey and passing through Cy will not 
be deviated ; it will therefore meet the plane through A, in #,, 
such that 
A,E, CA, 
A,Ey C,Ag 
The point £, will be a point in the image patch of Ho, and 
may be regarded as the ideal image of Zy. In this case the 


object A), is reproduced of the size 4,7,, and — is termed 
00 

the linear magnification, and will be denoted by my. 

nA Es 


nN A pK 


For convenience we use the value 
by U,. 
The quantities 


, and denote this 


: and : . 


are denoted by S,and T, 
respectively, and the relation (4) becomes T,-8,=(5 Beet : 

No Ny/ Ty 
and the last term being independent of 4, and 4,is a property . 
of the surface only, and may be denoted by P,. 


We thus have ae 
and Mo Saf Toe ee 
From these two relations we deduce 
P 
M,=1-—-— 
1 i be 
1 ik 
[oe 
uM, Pee ao: Soe ge eM hs oe 
or, writing ¢ ane = 
; g es Oe =< 


M,=1 —t,P\ js Pe 
4 1 b 


rn. 


yr Te eS 


“re | Ver Oe ORT Ne 
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These formule can be applied to any system” of lenses ; 
let P,.,=T7,/M3, n.C,Cs=as, &e., and let Mysyt,P38S, and Ts 
relate to the next surface. 


; I 
Then, since M, 


ae P, 


fee 1st Awhile eae: Bes 
1 

If a ray be drawn through the system from the object point 
on the axis, so that the perpendicular distance from C,=po 
then the optical length of this perpendicular would be nop, 
and this would equal the corresponding quantity after refrac- 
tion; denoting this quantity by q, and the corresponding 
quantities for the other surfaces by q,, we have 


so that the quantity |—a,7', represents the optical length of 
the perpendicular from C3, as compared with the optical 
length of the perpendicular from C,. 

The method can be extended to more surfaces, and we have 


4 Bl a Qs Is 
Uf cco? gel Rly OEE Ly Cy <a a ) 
: G1 2 V1 : 
and a Le ny ea Se ake ee Oy 
“C1 q1 
Also fee eee ee, nw, *(9) 
% 


If S,=0, 7,=P,, and T is analogous to the equivalent focal 
power of the system, denoting this value of 7’ by P, we have 


Oe ie ner on) LOG) 
Gy 


as the relation between M, Pand 7,_; for the complete system, 


where "=! and P are calculated for S,=o, but M and T;,_; 
1 ‘ P 
relate to any object point. 


* Nore.—p, would then relate to any ray, while q, relates only to this 
selected ray drawn from an object point on the axis. 
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The analogous relation between s, and M is obtained by 
considering the reversed system, and is 


1 9, 
vo 


where Q, and @ denote the optical lengths of the perpendiculars 
from C,, and the centre of curvature of the last surface, on a 
ray incident parallel to the axis in the last medium. 


Aberrations of a Single Surface. 
Returning to equation (2) we have to the next approxima- 
tion 
bOrds rt Ordo 4 pat L_ \ 4 pe (ly 1) 
NAC Aa Ma Aad on O;A,/° *n,G Ay te Ga 


ee é 
on dividing by 7, 


tesla ea pe seer 
HCGAs | Naty) Anyang? On ee CO, Ag 


1 Po ie a i ) 
Sip Cadyte be Ole 
but 2 p.—=Nopo, and this may be denoted by 7. 
1 il it I 


Also = to 
jf I 
NaC As HahilungcaAe Nels 


(11) 


to the first approximation. 
Substituting this in the terms of higher order the value of 


I Pane 
aan exceeds its ideal value by 


jel pry | te Ss ee 
dae 
MU,As Fens C,As eA oe C4.) ng 
And 
5 il 1 


See 
n2C,A, M20 ,A,” vE- 


Uae ee! ik ape Te ea 
Be (ea noe C,A,/ \ry Gade We 


But the lateral aberration is parallel to p, and= wa .0C",A,, 
; 122 


Ee — = 
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0 that the lateral aberration is 


J l= 4k ] l 
2 Ee eee aD 
aC ae nds Odea T, \n20,A, 12 cae r noC,A, ) 


OC Ae fink i it 1 | 
=p:(-4p. < le 20,4, n? 0,4 Nee Doan ) 


This is measured parallel to p, and its co-ordinates are 
obtained by Substituting the co-ordinates of p, in the first 
term of this expression. 

Thus denoting these co-ordinates of the aberration by [A] 
we have 


tA]= oe fipe \n2C,4, No a | Nol 1 “i Ns OAs } 
(12) 


Rays from a Point Not on the Azis. 


This expression will also give the aberration of an oblique 
ray, relative to the ray which passes through the centre of 


curvature, provided this aberration be measured at the sphere 
of radius C,A,. But it is usually more convenient to express 
this difference on the focal plane, and there arise additional 
terms which must be included. 

If we represent the distances of the image and object from 
the axis by a) and 2, we have from Fig. 2. 


tae 
re A ED=—iy pee 2042 2 


but there is a similar term 


—Po Dan 
GA» IA, 
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which affects the ray before refraction, and this must be 
multiplied by 2 ote magnification produced by the surface, 


and —2— mats iy to the first approximation. 
ie CLAS 


Thus, the additional term is 


ine f=Po!e , Polo |\_ Se. seers I (13) 
920A, \C, Asn, nC, Aol 207A, Oi Ase eee a 


and once more the co-ordinates of p, can be substituted for pz 
to give the co-ordinates of the lateral aberration. Thus, the 
complete lateral aberration arismg from any suriace—say, 
(5)—and measured on the image plane in medium (6) is 


C;A, 1 it 1 1 
ees [ <(05)(—sag —aeg \(—g t$ 
L 6] — alps] Lee ar 5) ee 6 nC =) ae Nel 5 ) 


ies i 1 
ies ee ee 
CrAg\ngC 5A oe ( 4) 
This can be expressed in terms of s and ¢ as follows :— 


[Av Snel =—Blpsl [tps 2-28) (Dat 22) 


Ng Ng 
+ (rate) Ps(Ls—Ss)|., eee ee LESS 
and 
1 1 
yp Peg Reg Ws 85 Ta 
ite 4 ig weed Li aey| 
M4 Me my 
_ nel's— 14S 5 
Ng— Na 
also T;—Ss=P;s. 


If we desire to express [A,’] in the last medium we must 
multiply by each subsequent M, .€., by Ly.3-5/7, or ners by 
Ty 


NeXe 


We have T2713 ee 
Y5 
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so that [A’], the co-ordinates in the last medium of the aberra- 
tion due to surface 5 are 


[A= —4 Pets] { C sia oeaeo oe za 
ds Il Ys /T5\ Ne 4 Ne—MNq 
1 Y5\>5 mp \2 | 
rite. (re aL, (16) 
The coefficient 
a 3:5 ey 
Ne N4 Ne—N4 de 


Ts 
is in a form suitable for calculation, but it is sometimes more 
convenient to express it as 


9 Ve vO) 7 z 1 
eae PsP yas +8) P13 )p 


Ns Ne 


Rs.Mg—M 
(%—4)° 
_1 Ps. mane 


: Ng” —2NyNng+Ng” ) 
ale peor Tg 
T (mg—Ma)® ' 1°35 il 3) 13% 1°3°5 n4Nng J 


zen P5.nang tee (”4—N6)” | 


~ T (ng—m)? | 1 Ea Ty eet 
1 {/dsP5\? nan \ 
=e eee RST RR ON a wate pr 
E : qi Ft eae a 
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It now remains to express p; ~* in terms of the quantities 
5 


which can be readily calculated for an individual ray. 
Using optical lengths throughout, let a be any object 
point, 7,y, the co-ordinates at which it passes the plane (1). 
Let.p;’ be the image of p,; in the medium O and let its dis- 
tance from the plane (1) be b;, then, from Fig. 3 the co-ordinates 
of p;’ are 
b s—b; 


a) 


, b; 8 
[ps lag aa che 


_ » 44 > 
s 8 
where s is the distance from plane (1) to the object. 

If the intercepts of the ray from which 4, qs; 75 are calcu- 
lated on the image planes of 1, 3,5, &c., in medium O be, we 


paye Psr_ Pod aid i a 
V5 G5 = —b; 
so that-— , 
M591 |_, 8—95 O51 s—b, RO a es On, : 
Ws pet Ge ag = Yy S Os. Ear Gs! 1 


(18) 
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If we denote the co-ordinates x,y, by 9 cos p and ; sin p 
inl let the ray from 2»=O, through zy, make the angle 4, 
with the axis in the final medium, then 

2,T=Acosy and y,T=Asiny, 


where the approximations do not determine whether the sine, 
circular measure or tan of A is to be taken. 


Writing Dat T=B,, we have 


° 


LA’ |= —414 cos p+2T B.A sin lf (a4-adar cos wB; 


+ (aT)?B,?) (3 Pg a, 


ie a) 
te (xT) | : spe? S(L9) 
Thus, writing #; for the expression 


15, eae. cdl NgNg ee eae 
Qi QL \\q, T/ \ng—Ma)? He ) 


we have the two co-ordinates 


(6nx)g= = BAS cos pH; B;A72T (2 cos 2y+1)+3E,;B,;2A 
cos vel) EB Mal 4d cos plo) +Be* (eT} 
(Ony)g= — Fn Bed? sin y+ 7; B;A°xT (2 sin p cos yw) 


+£5B;7A sin p(#T)?+ cia sin ple). (20) 


OhaA\ 
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. ; bs91 m : 
The quantity B,= af T can be expressed in two forms. 


5 
The quantity “ is the sum of quantities of the form 
4 
Ee Mem nb oc ot cs (AE) 
Gi 71 


taken from the plane (1) to the central plane considered. 

This is a special case of the general theorem, that the appa- 
rent distance of any point on an optical system may be obtained 
as follows :— 

The actual distance from any plane in the first medium is 
divided into parts by the various central planes, each part is 
multiplied by the refractive index of the medium and divided 
by the product of the values of ¢ (calculated from any ray) at 
the bounding planes and the sum gives the corresponding quan- 
tity for the apparent distance in the first medium. 

A demonstration of the analogous case where the distances 
are subdivided by the surfaces themselves is given in a Paper 
by the author.* 

Secondly, let the ray parallel to the axis at the height Q in 
the last medium meet the various central planes in intercepts 
(of optical length) Q,Q:9; . . . Q, and let the corresponding 
intercepts on the image planes in the first medium be 


Q1'Q3'Q;'Q". Then Ore cr 
Da =b;P, where P is calculated for this ray. 


The relation between P’ and P is given by 


i Ciges 
eine 
s /m Q aoe 
see equation (105), so that 
Q: 
a 4 
- : Q ; 
Also De a a 
71 


from Fig. 5, so that 


Qs _%s _» p@ +0,;8,=b pe 
Q, I 5 Lan & 5 Q, 


* Trans. Opt. Soc., Vol. XVIII., April, 1917. 
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(f- do \fs be, 


Q, %/% ; OF 
, V5 15\11_Osdin@ 
oe is 
oy (G- ae Ws 1 
. 0591 (Qs) Q, 
1.€., SBS a 
qs Qi! 41 Q 
Thus, B;7 may be expressed in either of the two forms 
Qs 
a P ory case Oia Se eee 
oe ( G1 @) ce 
C— 41 
where g, .. . ¢; are calculated for the actual object point, 
and@, .. . Q;Q for a ray incident parallel to the axis in the 


last medium. 

In the above it has been assumed that the ray is best speci- 
fied by its points of crossing the first central plane and the 
object plane, but in practice it is more convenient to choose 
the stop plane for the co-ordinates x y,, and in this case we 
use the same method, except that surface 1 is taken to be a 
surface of zero power—z.e., no change of refractive index— 
with its central surface on the stop plane. The analysis is 
then unaltered. 

In actual practice there is little difference in the amount of 
computation to obtain B;7' from the two expressions given 
above. 

Thus, the resultant aberrational defects may be obtained by 
summing the effects due to all surfaces and we obtain the five 
aberrational coefficients 


E=SR. 

[SEB 

K=SE,B? 

G=K+ SP, /T 

H=2SGB; 2 Ge ee 


A sample calculation is annexed. 


Interpretation of Results. 
I. For the terms independent of 6 we have 


dnz= —4- HA? cos y, 
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so that each circle on the stop plane corresponds to a small 
circle in the image and the radius varies as A*. This defect is 
uniform over the field, and is referred to as Spherical Aberra- 
tion of the First Order. 


II. The coefficient I. gives rise to terms 


1 


onu=—4,_, IA? tan 6 (cos 2y+1), 


1 
2.€., the effect is proportional to 7 tan 0 or nz; it also varies as 


A’ and to each circular zone in the stop corresponds a double 


Fria. 4. 


circle in the image plane of diameter equal to the distance of its 
centre from the ideal focal point.. 

Thus, the defect leads to an unsymmetrical flare, as indicated 
in Fig. 4, and.is called Coma of the First Order. , 

When spherical aberration is present the two circles no 
longer co-incide, and they become a double loop. 
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Ill. The terms & and G lead to 

6x=—4T tan?0A cosy. (2K+G), 

dy=—4T tan?0A sn y. G, 
so that the circle on the stop corresponds to an ellipse on the 
focal plane whose axes are in the ratio of 2K+G:G; when 
K=0, the ellipse becomes a circle, and the defect being pro- 
portional to 4 is of the same tyre as that due to an error in 
focus=—4P tan20G. When & is not 0 the effect is that two 
focal lines are produced at distances from the focal plane 

= —4T tan*0(2K+G), 
and —4T tan0G. 
K thus determines the astigmatism of the lens. The mean 
value of —47 tan?6 (K-+-G) determines the distance of the best 
average focus from the focal plane. The term G—K=2P,/T, 
being independent of separations except in so far as they affect 
T, is simply calculated, and is often referred to as Petzval’s 
expression. 

IV. The coefticient H, being independent of A, must repre- 
sent a departure of the image from its theoretical position, and 
is called the distortion ; its effect is proportional to the cube 
of tan 0, and it leads to the defect of unequal magnification for 
objects of different size, thus making straight lines appear to be 
curved. 

The curvature of any straight line is—H tan 0, 7, where 0,is 
the least angular value of @ for points on the straight line. 


Formule referred to Vertices of Surfaces. 


Exactly analogous results are obtained by considering all 
distances measured from the surface. If the same method 
of treatment be adopted we obtain the following results :— 


Let Pi, =n\hye oP ana, 
BA, Bie 
——————— 5 es <= V1. 

Moy Mo 7 
Ui="; Tye 
Uy Vy 
Pa Ve Ce pai—4aFy 
fh Rae 
Vis=Vity Fs 2 i" 7 4aV 13. 
; 1 1 1 
3 


m= PLD aa Ad cd ee OR eae ROD 
“uh 
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The apparent distance dy of any point from the first surface 


is given by 
dy dy 
ein i a 
l,l, lL 


where the summation is taken from the first plane to the plane 
of the point. ie 
For the case of the centre of curvatuve (5) 


a Cras 25 
fo hy a ls ee ble ee 
ET Praia: 


where /,/l, is the intercept at the centre of curvature. 
The lateral aberration due to surface 5 is given by 


d= —Ff. {e,(n sin A)? cos p+7,(n sin A)2(1+2 cos 2p) tan 6 
lay cos p(n sin A) tan 26-+-g5 cos yn sin A tan °6 


--h, tan 30}. 
dy=—4/. {e,(n sin A)? siny+7;(n sin A)*(2 sin p cos p) tan 6 
+9sin p(msin A)tan 76}, . . . . . . . (26) 


where » is the refractive index of the final medium in which 
dx and dy are measured ; A, y and @ have the same values as 
in the equations (19) and (20) ; f=U/V end 


igang) (DP) 


ig De. ke—=D aes 


1 ; 
—k,=P,/V= =Ri(-—5 
hs=Ds9;. 
Mette (Vis Vi\i(l 1 \y 
jaa a 1 sly s ee N4 Woe 
4 dV 27 
and D,V=;D;V+ . ly Us i 
est 


The value of D;V may also be ee as 


iD! ae ‘|p ae wus}. (28) 


Wil, 5X. I 
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where L,, L; L are quantities similar to l,, Is, 1; calculated for 
the ray incident parallel to the axis and in the reversed direc- 
tion. 

By either of the methods given already the Aberrations of the 
First Order can be calculated for any definite object position. 
When the lens system has to be used for different magnifica- 
tions it is preferable to make use of the method of the charac- 
teristic function, either calculating the coefficient directly or 
using the above results to deduce the coefficients of the char- 
acteristic function. 


The annexed calculation shows the practical application 
of the formule given above; the logarithms are omitted 
when the calculation is quite straightforward, but inserted 
where the arrangement of the calculations is important. 


[Added February 9. 


The following method of expressing the value of p in terms 
of the co-ordinates of the rays is often useful :— 

To the approximation considered »; may be replaced by 
the optical length of the intercept on the central plane oi 5 
by the ray. 

Consider the images in medium 6 of the object plane (0) and 
the stop plane (1), and let the ray considered meet these planes 
in P., Ye, and the central plane in K,. Let the corresponding 
axial points be dgand Bs. Let this ray meet the object plane 
in [%, Y%| and the stop plane in [#,, y,], then the ray through 
Zp, Yo On the object plane and o, o on the stop plane will pass 
through P, and B, to the first approximation, while the ray 
through 0, 0 on the object plane and [#,, y,] on the stop plane 
will pass through A, and Q, to the same approximation. 


Let these rays meet the central plane in K,’ and K,’, 
then CK ,.=C;K,+ Ch hie 


figs, da Js, &c., be calculated for the paraxial ray through 
0, o meeting the stop at q, fromthe axis, we have 


[CK ]=[2,, Yi\ Zo 
4 
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Aberrations of Photographic Lens. 


= —0:128985 


Object at infinity. S=O. 


dy=0-01583 Ny=1 log. 


faa> teal 


BE eee yee ee Oe Ae 


Ps 


; qs 
7, is taken as 1, so that the quantities = 2 , &e., may be denoted by 95, 75, &e. 
1 41 


| 


r'g=—0-049597 d.—=0-01277 Ny=1-51170=0-179466 
rs =+0-196423 d,=0-00664. N= 1-54780=0-189715 
r,= — 0126663 d,=0-02114 n= 1-61250—0-207500 
Ne=1 
Ny—No 1 ; ater 
Si at em le ay=(do+7 1) « No= —0-113135 
Mm—Ny I 2 5 
= —=—0-311079 @y=No(—71+do+17,)=+ -0139285 
NyNy 13 
Ne—nN, | , 5 4 
P,=——_4 —=+0-131976 4, =N4(—1r,+d,+75)=+0-391067 
Ng's 15 
P,="8—"s = +2-99887 ag=N,(—7;,+d,+1,)=—0-486889 
Nels Yo 5 7 
Log. . No. No. 
Pqy----.| 0°419077—|—2-62468 1:000=9, IP, /Ty-g-57 | —2°62460 
—a, ....| 1-148905— P,[Py-g-5+7 |—0°31107 
| fe anal 
-1-562982+ = 0°36558 P5[T y-g-5¢7 | +0°18197 
Pee oe 
(0-135317 1:36558 =¢q3 P,[Ty-a:5-4 | +2-99878 
[Die emo | 1-492871— 
Pfs -- 1628188 — —0-42480 ao —0-113135 
ae se Tl | 
| 0-484226—|—3-04948=7',., aT /q,¢3_ \-+ 0-101994 
=the 1-592251 — ipa ate —0-011141! 
0-076477+ =1-19255 I glsen +0-111944 
| 0:407922-+ 2-55813=4; St, +.0-100803 
Pe .| 1120496 + AgT'/ds¢7 |\—0-153763 
Psq5 ----| 1-528418-+ |+ 0-33761 Sa |— 0052960 
T1 3-5 ---|0-433269—|—2-71187=T .5-5 
—e -| 1-687429-+- 
0-120698— = — 132035 
0-092643 + +1-23778=q, 
hoe betsace 0:476957-+ 
12) es 0-569600-+ |+-3-71190 | 
0-000013 |+1 00003=7',.5-57 | 
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If qo’ 93's Ys’, &e., be calculated for the paraxial ray through 
0, 0, meeting the object plane at qo’ and the central planes at 
I35 U5 &c., we have 


[C;K"] =p, yolt® 

% 
and [OK l=[i, yile?-+ Ix, voles. 
vat % 


And this quantity can be substituted for p; in equation 16. 


ABSTRACT. 


The Paper describes approximate methods of treatment of the 
first order aberrations of a centred optical system. Two methods are 
used, one primarily suited to the case where the separation of the 
surface is small, and the other more suited for use where the separa- 
tions vitally affect the design. 

The aberrational defects are expressed as lateral aberrations—+.e., 
as defects measured in the focal plane of the system. The procedure 
adopted is to express the aberrational defect of a single surface in 
terms of the constants of the surface, and the perpendicular distance 
of the ray considered from the centre of curvature of the surface. 
The value of this perpendicular can be expressed in terms of the 
co-ordinates of the ray in any chosen medium, and thus the aberra- 
tion due to each surface can be expressed in terms of the co-ordinates 
of the chosen ray, in such a way that the aberrations of the indi- 
vidual surfaces can be summed. 


DISCUSSION. 


Mr. T. Situ congratulated the author on his Paper, which he con- 
sidered an interesting and valuable addition to the existing discussions on 
optical aberrations. He had himself used a similar reference system in 
dealing with this subject, but in place of a partially geometrical discus- 
sion had preferred to use a purely analytical method. The geometrical 
treatment was obviously advantageous in giving an insight into the 
mysteries of aberration to students, but it was very difficult to be certain 
that every contributory cause had been considered. The results stated 
in the Paper were correct, but he was not clear that one possible con- 
tributory cause, which happened to this approximation to give a 
zero contribution, had received adequate consideration. If in a system 
of refracting surfaces at some intermediate theoretical image plane an 
aberration dy were present, the corresponding effect in the final image 
plane should not be assumed to be méy, where m is the first order magni- 
fication which the image subsequently undergoes. The exact co-ordi- 
nates to the second approximation y+ dy, and the exact magnification to 
the same order m-+6m should be considered, so that the final co-ordinates 
to this order are my +ydm-+médy. It can be shown that when all the 
surfaces are taken into consideration the contribution of the type ydm is 
zero. He thought that the Paper could with advantage consider this 
point more fully. An interesting question which arose in connection 
with the analysis of refraction into displacements according to the ordi- 
nary laws of geometrical optics with aberrations superposed, related to 
the limits within which such a procedure was justifiable. The ordinary 
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laws could only be taken as a possible first approximation for all rays for 
refractive indices exceeding 3. Instead of an incident angle in air of a 
right angle, the first approximation may only be used up to an incident 
3—M 
2N2 
approximation holds becomes less, and in the limiting case, when »=—1, 
the range is from 0° to 45° compared with the range 0° to 90° over 
which refraction takes place. 

Prof. Lzgs said that these methods appeared to start off from the 
approximate assumption that the image of a plane was a plane. Did not 
this lead to errors comparable with those which were being dealt with ? 

Mr. CHALMERS replied as follows: The criticisms made by Mr. Smith 
are not, I think, justified, because the terms to which he refers do not 
arise in the method of treatment adopted. In transferring the aberra- 
tion to the last medium it is permissible to multiply by the paraxial 
magnification since the actual point of crossing the object plane is 
transferred to the image plane by multiplying its co-ordinates by the 
paraxial magnification, and adding aberrationa! defects for this surface 
for the actual ray. This aberrational defect is expressed in terms of the 
modified values of the co-ordinates, but as the modifying terms are 
multiplied by the small aberrational terms this introduces terms of 
higher order only. If it be necessary to consider terms of higher order, 
it would be necessary to take them into account in expressing values of 
the p’s in terms of the co-ordinates in the initial medium. 

Mr. Smith’s remarks on limits to which approximation could be applied 
are very interesting; they show that approximations are justified in 
practically all cases which arise, except for a few cases of refraction at 
plane surfaces, and in this case the term he quotes is multiplied by a zero 
eurvature. 


angle of cos ~1 


As the index falls in value the range over which the 
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IX. Note on the Use of Approximate Methods in Obtaining 
Constructional Data for Telescope Objectives. By T. 
Situ, B.A. (From the National Physical Laboratory. ) 


RECEIVED JANUARY 19, 1917. 


In earlier communications* the author has described a 
method of calculating cemented telescope objectives when 
thicknesses are entirely neglected. The effects of the thick- 
nesses of actual objectives on the aberrations are distinctly 
appreciable in spite of the small values of the thicknesses in 
comparison with the focal length of the objective. This, how- 
ever, So far from invalidating the calculations, is an essential 
feature of the method employed. The reason is that the 
second order aberrations are always negative, while the intro- 
duction of thicknesses causes the first order aberrations to 
rise from zero to some positive value. To obtain a satisfactory 
objective a balance must be struck between a positive first 
order aberration and a negative second order aberration, and 
the greater the relative aperture at which the objective is to be 
used the greater must be the amount of first order aberration 
introduced to effect the most satisfactory compromise. The 
larger the aperture, however, the larger must the thicknesses 
of the lenses be, so that without altering the curvatures of the 
surfaces increasing amounts of first order aberration will be 
automatically secured. It is a fortunate coincidence that the 
amounts of aberration introduced by augmenting the thick- 
nesses are of the-order required to give a satisfactory objective 
of the aperture these thicknesses will yield. This result, of 
course, only holds within limits; but these limits happen to 
cover the region within which small objectives are normally 
constructed. Many computers do not appear to be aware of 
this automatic compensation, but have abandoned the use of 
approximate methods in calculating simple objectives in favour 
of trigonometrical ray tracing. They have probably in their 
approximate methods taken account of the thicknesses to be 
given to the lenses, and solved the equations for the removal 
of first order aberrations with these additional terms present. 
Such a method does undoubtedly lead to objectives which 
require appreciable correction.’ The simpler method, on the 
other hand, yields objectives which require no alteration or 
trigonometrical verification, provided the conditions are not 


* Proc. Phys, Soc. XXVII., p. 485; XXVIII, p. 220; XXX., p. 31. 
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quite abnormal. It must be understood that this observation 
applies only to the particular class of objective now considered, 
though extensions of the application of approximate methods 
as satisfactory final methods of calculation are to be expected 
as a consequence of the systematic exploration of higher order 
aberrations in other types of optical instrument. 

The automatic compensation for thicknesses in the case of 
telescope objectives is of sufficient interest and importance to 
merit theoretical investigation, and that is the object of this 
note. A simple demonstration will show that the compensa- 
tion may hold for a considerable range of apertures. Consider 
any thin objective which has such curvatures that the first 
order spherical aberration is zero. Without altering the 
curvatures of the surfaces, let small but finite thicknesses be 
given to the various component lenses. A series of objectives 
of different thicknesses can be imagined in which the ratios of 
the thicknesses of the various component lenses to one another 
are constants throughout the series. A single variable, ¢, 
proportional to the thicknesses of a typical member of the 
series, will then suffice to determine that member. When ¢ is 
zero the first order spherical aberration coefficient is zero. 
When fis not zero but small, the first order spherical aberration 
coefficient willin general be proportional tot ; let it be denoted 
by at, where a is a constant for all lenses of the series con- 
sidered. As has been pointed out above, a is essentially 
positive. The second order spherical aberration coefficient is 
for these objectives negative, and, when the lens is thin, may 
be denoted by —f. When thicknesses are introduced there 
will be a correction to be added to f containing ¢ as a factor ; 
but, as fis a large positive number, the thickness correction 
to it is negligible, and the second order coefficient may thus be 
taken to be equal to — for all lenses of the series. Ii the third 
and higher order aberrations may be neglected, the total 
longitudinal aberration of the typical objective is 


atP? —BP4, 


where P is the relative semi-aperture for the ray considered. 
Now, if Q is the maximum semi-aperture attainable in this 
objective, ¢ is proportional to Q2. The aperture P for which 
correction is desired is a constant fraction of the full aperture Q. 
Thus correction should be effected for the aperture P where 
P?—vt, y being positive and constant for all members of the 
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series. On substituting this value for P2, the longitudinal 
aberration is seen to be 


(a—By)ye?, 
and this will vanish for all members of the series if 


a=By. 
This result shows that the compensation may be automatically 
effected over an appreciable range of apertures. The extent 
of the range is dependent, among other factors, on the third 
and higher order aberrations. 

If the thin objective is corrected for first order coma, a 
similar argument shows that there may be automatic compensa- 
tion for this aberration also. It will not, however, ordinarily 
be the case that the spherical aberration and coma are cor- 
rected in this way for the same aperture. As a rule the effect | 
of thicknesses on coma can be safely neglected. The con- 
clusions to which this argument leads may be put into the 
general form : 

“ Tf a thin lens is free from first order spherical aberration 
or coma, the introduction of thicknesses without any altera- 
tion in the curvatures of the surfaces yields objectives which 
are corrected for a zone bearing a constant ratio to the maxi- 
mum aperture obtainable with the thicknesses introduced, 
provided effects proportional to the sixth and higher powers 
of the maximum aperture may be neglected.”’ 

The problem may now be investigated in some detail. 
The case of a cemented doublet may be taken as an illustra- 
tion. It would be easy to work out the effects of the thick- 
nesses on such a system by taking the curvatures of the thin 
objective, inserting thicknesses and calculating the aberra- 
tions of the new system from the fundamental formule. 
This course involves the introduction of more variables than 
are necessary for the discussion of the problem, and an alter- 
native method is therefore followed. 

The spherical aberration « and coma o’ of any system are 
expressed in terms of the six aberration coefficients, A, B, C, 
@, B’, A’, by the formule 
o=A —m(4B+1)+2m?(3C+o) —m3(4B’+-1)+- mtd’, 
and 

o’ =A —m(3B+1)+m?(3C+0)—m3B' 

—s{B—m(3C+a)+m2(3B’+1)—m? A}, 


where m is the magnification for the object and s the magnifi- 
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cation for the aperture stop. When the objective is “ thin” 
the relations ~ 
A-2B—14+C=B—2C—a+B’=C-2B’-14A’= 
are satisfied, so that 
4o=(1 —m)!{40-+25-+1—4(B’—B)M-+ (20-+3)M*} 
and 


4o’=(1—m)3(1—s) {4C+20-+1—(B’ —B)(S+3M) 
4oM(S+M)+M28+M) , 


M= 1+m gaits 


where 


1—m a 


Yor the thin objective the conditions forfreedom from spherical 
aberration and coma thus involve 


40+20-+1=(5+20)M? 
and 


B’-B=(2+0)M 


The actual thick objective may be regarded as a combina- 
tion of three systems ; the first being a meniscus single lens 
of the same material as the front component of the thin 
doublet, with a specified thickness, and having the curvature 
of each surface equal to that of the first surface of the doublet ; 
the second the thin doublet ; the third a single meniscus lens 
of the same glass as the back component of the doublet, with 
a given thickness, and each surface equal in curvature to that 
of the last surface of the doublet. If suffixes are used te 
distinguish the components and the magnifications at which 
they are operating, the laws for the addition of the aberrations 
of a series of systems may be expressed in the form 


n 
fap Da AVM 4.140 
1 


nr 
/ mee / 3 
[oetn= 2 eae A+1,n S\+1,n9 
in 


where / is the focal length of the lens or element determined 
by its suffix. 

Let « denote the power of the first surface of the thin 
doublet, the refractive index being u. The first component 
is the meniscus lens of the same glass of thickness ¢ and surfaces 
of powers « and —« respectively. The general formule for 
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the aberration coefficients at once give for the first. component 


A(u—1)Px?t2 = (w+ 1)? — Qt w+ w+ 1) t2( +1)? — «348 , 
20 — (u-+1)? —«t(w?+ w+ 1)+ ee W, 


B(u—1) 

Clu) = (+ 1), 

Bu —1)PePP = (+1) wt 1) 2, 
A"(u—1)?H7¢? = (u- 1)? Qt? pet 1) 2t?( 124-4348, 


ro} w=0. 


In the last component the power of the first surface has the 
opposite sign to that of the last surface of the doublet. Similar 
formule will thus apply to this component if'accents are added 
and the sign of « is changed, if the back lens of the thin 
doublet is of refractive index yw’ with the last surface of power 
kK’, and ti 8 the thickness to be introduced. 
The powers of the three components of which the thick lens 
is supposed to be composed are 
Ky = Kt /U, Kael. Ket 2h J 
with 
Ky, 9=1 =K(1 —k)t/U, Ko,3=1 —«'(1 := KE /w, 
and 
Kyyg=l—n(L—K)t/— a (L—W’ J pe (Le 0 te Jp. 
The partial magnifications are given in terms of m, the magnifi- 
cation for the complete system by 
i Ky.gMt MM o= Ky Kasgm eet as Soe 
Ky+Ko,3m Kiyo Kym’ NS 
If only the first powers of t and ¢’ are retained these may be 


written 
eee 
Mm,=1—-— Pp; 
ae 


‘ tk 
My=mM gees 2 ad)? 
Soin Le 


and 
ee 
i ll 
where 
p=1—x«-+x/m, 
and 


g=l —«’ Km, 
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Now from the previous formule 
7= ala [(ueE1)2(1 —1m)*—2et( p+ pt-1)(1 my)? 
rf nae 
1 — m2) 6t2( w+ 1)2(1 — my) (1 —my3)— «8 (1 —y*F 


“eh [et 1)2p2— (32+ 24+ 3)p+-4u0], 
(uu a 1)?u* 


and similarly 


124/2 ; 
wg Ee Ua +1) — WB ul + Bye hut 
when the lowest powers of ¢ and ¢’ only are retained. The 
direct contribution of the first component to /;,371,3 18, there- 
fore, to the order required 


m eee MD) Tw -1)%p?—(3p2-+2u-+3)p+4 pe, 


and that of the last component is 


at [(u’+1)?q?— pw (38p+-2y'+3)q+ 49]. 

The second component has been calculated to be free from 
aberration for the magnification m, but it is now working at 
the different magnification m,. If sigmas without suffixes. 
relate to the thin lens as calculated, the condition *=0 requires 
the coefficients of the doublet to have the values 


20’ 
= 8 = 
i ae ete 
and 
8o/M 
. — aa meee veces ee 
neem ani ureter, 


o” being the coma coefficient of the thin objective. 
For the magnification m, the spherical aberration of the 
thin objective is, therefore, a by 


v= (“p— a mee 


Fis yk 


Sia ae 1) 


te 
since 


, itm, 2m (Kt «Kt! 
M,= | 2 —— 
» lm, ea —m)* ( ras wt ) 


The value of the spherical aberration coefficient for the lens 
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with thicknesses introduced is thus, to the first powers of the 
thicknesses, 


ti 4 ae 
ne ete [(nt-L)*p?— u(3p2-+2p-+-3)p-+ 4p) 


Kt 2 
are [ a )(= —mMm ae -1) 
v S , 2 1/2 ,,/2 Fajie / 
+> ela) L(w’+-1)?q? — w(3u+-2u’+3)q+-4y'4], 
(wu —1Pu 
The most important case is m=0. The value of mp is then 
equal to «x, and 
_tk(u+ 1)? te 4a! | } 
ee eee 


ik we / 
eee [(w’ 1)? —w'(3u?+2u’+3)9g+-4u’3], 


Take as a numerical example the ordinary form of objective 
composed of hard crown and dense flint with the former 
leading.* The last surface is flat, so that ¢g is unity and the 
contribution of the third element to o,. is thus 

—t’'(w?—1) 
Glee ? 
the ordinary formula for a thick plate. With the glass pro- 
posed its values very approximately —-38¢’. The value of x 
is about 1-25,* and the contribution of the first element is, 
therefore, approximately equal to 16-5¢. When s=1, o’= 
—1-47,* so the contribution of the doublet is —7-1¢. Asarule 
v’ is about half as Jarge ast, so the total value is approximately 
9-2t. The second order spherical aberration coefficient for 
the thin lens is about — 107, so to the second order the spherical 
aberration with crown thickness ¢ is 


Ex 9-2tP?—3x 107P4, 


where P is the relative semi-aperture. The zone for which 
the aberration is corrected is thus given by P?=0-34t. The 
maximum semi-aperture the crown lens can have for this 
thickness is Q where Q?=0-42t. Thus P=0-9Q approximately, 
a value quite satisfactory for most purposes. The neglected 


* See ‘‘ Constructional Data of Small Telescope Objectives.” Smith & 
Cheshire. Pp. 8 and 9. 


126 . MR. T. SMITH. 


aberrations tend to reduce this value somewhat when the 
aperture is large, the correction thus remaining excellent over 
a long range. 

As the refractive index of the crown glass approaches that 
of the flint, x becomes smaller and o’, though still negative, 
becomes smaller in absolute amount. The total contribution 
of the elements remains positive, but falls in value. The 
second order aberration coefficient also becomes Jess in abso- 
lute amount, and the tendency for the correction to be auto- 
matically secured for a reasonable zone compared with the 
full aperture attainable remains. 


ABSTRACT. 


The Paper discusses the reason why satisfactory telescope objectives 
are obtained by neglecting thicknesses and solving for freedom from 
first order aberrations. It is shown that the introduction of thick- 
nesses into such an objective without any alteration in the curvatures 
of the surfaces yields a lens corrected for aberration for a zone which 
is a constant fraction of the full aperture obtainable. For objectives 
of the usual type this zone is very approximately the one that would be 
selected for correction to obtain the most favourable balance between 
first and second order aberrations. It follows that objectives calcu- 
lated from first order formule in which thicknesses are neglected do not 
require trigonometrical verification or correction unless the conditions 
are very abnormal. 


DISCUSSION. 


Prof. J. W. NicHonson said that the author had brought out an im- 
portant point in this Paper. There was an idea prevalent in many 
quarters that the thin lens was simply an abstraction of no practical 
importance, but apparently this was by no means the case. He had 
been familiar in a general way with this compensation of first and second 
order aberrations, but had never seen it mentioned in any publication. 
Were there any convenient circumstances in which both coma and 
spherical aberration are simultaneously compensated for the same 
aperture ? 

Prof. C. H. Less asked how the magnitude of the residual aberration 
or the shape of the aberration curve altered when the zone of correction 
was altered by changing the index of the crown glass. 

The AuTHoR, in reply to Prof. Nicholson, said he had not worked out 
numerical cases for coma, though the formule were quite simple. In 
practice, it is usually found that in the absence of spherical aberration if 
the coma is approximately corrected the result is satisfactory. He had 
no doubt, however, that with triple objectives both coma and spherical 
aberrration could be compensated for the same aperture. In reply to 
the President, generally speaking, with very low indices of the crown the 
second order aberration is large, while with indices nearer the flint it is 
smaller. The ratio of extreme cases might be about 5 to 1. 


-~, 
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X.—A Suggestion as to the Origin of Spectral Series. By 
H. StanutEy Aen, M.A., D.Sc. 


RECEIVED JANUARY 25, 1918. 


ConsIDER an electron (charge e, mass m) moving in a circular 
orbit of radius r about the centre of the core of an atom. 
Neglecting for the present any effect due to a magnetic field, 
the equation of motion is 


mr w?= Ee /r?, 
or BHO CP es = ees a CD) 


where ~ is the angular velocity, and # the charge attracting 
the electron. a | 

We now assume that the principle of the constancyfoi 
angular momentum may be applied to the total angular 
momentum of the electron and a certain part of the core 
bearmg a special relation to the electron. This angular 
momentum is measured with regard to the axis of the core, 
which provides a line of reference about which the motion 
takes place. The difference between this assumption and 
that made by Bohr must be noticed. Bohr assumes that 
the electron and the nucleus rotate round the common centre 
oi gravity, and the total angular momentum of electron and 
nucleus is then th/2za where t is an integer and h is Planck’s 
constant. The new assumption gives 


se mroFr I Q=th/2a, 
or WE Ot efet, = « « .. ~ (2) 
where eye Ee hs te” (8) 


Here J denotes the moment of inertia, Q the angular velocity 
of part of the core. 

‘hus may be regarded as proportional to the angular 
momentum o! a definite portion of the core.* The assumption 
made is admittedly an arbitrary one, but so is any assumption 
as to the constancy of angular momentum. This constancy 
may be regarded as a condition imposed upon the motion of 
the electron by the “ binding ” of the tube of force connecting 
it to the core, but there is something more to be said for the 
present point of view inasmuch as the connection between 
electron and core is now partly dependent on the magnetic 
field, which is regarded as imparting stability to the electronic 


* H. , Allen, Phil. Mag., Vol. XXIX., p. 714, 1915. 
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system. Thus it is appropriate to take the magnetic axis ot 
the core as the axis for calculating the angular momentum. 
From equations (1) and (2) we find as the values of r and a, 


_ (ppl? 

p= “Astimible POL. Br sd AS A Up (4) 
__ 8a3(He)?m 
~ (ckpehe Y 


The energy, W, necessary to remove the electron to an 
infinite distance is given by 
, He 2n?m(Ee)? 
pa es eee 
2r  (tp)Ph? 
In the passage from one “ stationary’ state to another 
monochromatic radiation is supposed to be emitted, and the 
frequency, ’, is determined by the relation 


hv=dW=W,-W, 


2a°m( He)? a et 
h ies tf)? (Ty zat) ) 


z) 


: Dead 
Putting H=ke, and oe =v, the equation may be 
written 
i i 
p=k?v — ) Peers (Ke 
(t, Mg)? (Ty fy)? (8) 


Here v, 1s the frequency corresponding to Rydberg’s con- 
stant. Using wave numbers instead of frequencies, we obtain 


1 1 
N=kN ( = ). kee 
*\ Gta Gin) e 
Rydberg’s constant, NV 9, appears here as a universal constant 
having exactly the same value for all elements. This is in 
agreement with the conclusion of Nicholson* from a critical 
examination of the arc spectrum of helium, where the constant 
has the same value as was obtained by Curtis for hydrogen. 
It has been suggested by Bohr? that the series of lines observed 
by Fowler and Evans, and attributed to helium, require a 
slightly different value for the constant, but this cannot be 
regarded as definitely established. 
In ordinary spectra the numerical factor k must be taken 
as unity. When k=2, the Rydberg constant is multiplied 


é Nicholson, Proc. Roy. Soc., A, Vol. XCI., p. 255, 1915. 
{ Bohr, ‘“ Nature,” Vol. XCII., p. 231, 1913. 
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by 4, and the series give the enhanced lines in spark spectra, 
as Shown by Fowler.* 

Equation (9) represents Rydberg’s formula for spectral 
series, the quantity 1 being termed the “* phase ” of the series. 
It is important to notice that in the observed series jr, and 
fy are not equal to one another. If the present mter- 
pretation be correct this implies that the angular momentum 
of the part of the core associated with the electron is different 
in the two types of state. This may arise from an actual 
change in the angular momentum of a particular part of the 
core, or it may indicate that the electron becomes attached 
to a different part of the core. Whatever interpretation be 
gwen to the phase, the two types of state concerned must be in 
some way different from one another. 

In an earlier papert I have shown that when the core is 
regarded as equivalent to a magnet of moment VW a formula 
of the type given by Ritz can be obtained for the frequency. 
This may be written 


1 1 | 
N=/l2N Boy ia De boss ot Le 
0 [ots | (eae ( ) 
2 1 


1623mM Be? 
B=... 
hs 

Here « was regarded as an exact integer, but if we now 
adopt the suggestion that s=r-+-y, where t is integral. the 
formula becomes identical with Ritz’s modification of Ryd- 
berg’s formula. It must .be pointed out, however, that the 
values, of B deduced from observation are, in general. too 
large to be explained as due entirely to the action of the 
magnetic field of the core. 

In the foregoing pages it has been assumed that in the case 
of a terrestrial atom, as distinguished from the simpler atoms 
of the nebulz, the core is large enough to be able to produce 
an appreciable magnetic field. ‘To say that the core cannot 
produce such a magnetic field on account of the small size 
of the nucleus is to beg the question at issue, for the smallness 
of the nucleus was first deduced by considering only electro- 
static forces, whilst ignoring the possible effect of magnetic 
forces, in the scattering of @ particles. ‘The second reason 


where 


(11) 


* Fowler, Phil. Trans. Roy. Soc., A, Vol. CCXIV., p. 225, 191+. 
+ Phil. Mag., Vol. XXIX., p. 40, 1914. 
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for postulating a small nucleus is in order to account for the 
mass of the atom as purely electromagnetic in origin. But 
this assumes that the nucleus is simple and not complez. 
The phenomena of radio-activity point to the presence of a 
and f particles in the core as separate entities. It is only the 
ultimate positive entities (perhaps the hypothetical positive 
electrons of Prof. Nicholson) contained in the core, which need 
be considered very small in order to give the necessary inertia. 


ABSTRACT. 


The note gives a development of an idea put forward in an earlier 
Paper, describing an atomic model with a magnetic core. It is 
assumed that the principle of the constancy of angular momentum 
may be applied to the total angular momentum of the electron, and a 
certain part of the core bearing a special relation to the electron. On 
the lines of Bohr’s theory this leads to an expression for the oscilla- 
tion frequency, which is similar to Rydberg’s formula, and contains a 
constant which is the same for all elements. The “‘ phase” p» of a 
‘““ sequence’ is regarded as proportional to the angular momentum 
of a definite portion of the core. In observed series the phases of 
the two sequences are not equal to one another; consequently, 
whatever interpretation be given to the phase, the two types of 
state concerned must be in some way different from one another. 
When the magnetic field of the core is taken ‘into account, a formula 
is obtained which is identical with that of Ritz. An explanation of 
the series of enhanced lines in spark spectra is also suggested. 


DISCUSSION. 


Prof. J, W. NicHoison thought the fundamental assumption in the 
Paper seemed a natural one. Bohr’s theory, in the case of hydrogen, 
assumed the angular momentum to be proportional to the integers in 
Balmer’s series, In the case of more complex atoms we were compelled 
to assume that r-+:is the quantity to which the angular momentum is 
preportional. ‘Lo consider this extra angular momentum to be attached 
to the nucleus is, of course, another assumption. It is equivalent to 
attaching a physical significance to tubes of force, which Sir J. J. 
Thomson has always tried to do. An interesting feature of the 
theory was that it gave the series of enhanced lines of spark spectra, and 
the physical interpretation of k=2, viz., that these are due to atoms 
with another electron torn off, seemed very feasible. As was pointed out 
in the Paper, any theory involving stationary states must allow for 
different types of stationary state—/.e., different values of wu, and »,. The 
considerations by which Rutherford deduced the smaliness of the 
nucleus were founded on the mathematical work of Darwin, and, on the 
assumption that the nucleus is whoily electrical are faultless. The fact 
that the nucleus might be magnetic was pointed out by Hicks, who 
showed that the scattering of a particles by atoms might be accounted 
for by magnetons rather than electrons? ; 

Prof. G. W. O. Hows asked what was the reason for applying the 
word “ phase” to. To’an electrician phase had a very different mean- 
ing. What was the significance of the initial equations with which the 
Paper started.out ? 
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Prof. Lens asked if the atom suggested by Dr. Allen would give the 
same scattering effects as had been experimentally found ? 

The AvuTHOR, in reply, said the term ‘‘ phase” was due to Rydberg. 
and was introduced before the Quantum-Theory was evolved. He did 
not know why the term had been selected. He was afraid he could not 
answer Prof. Howe’s second question. These equations were funda- 
mental to the Quantum-Theory, and to understand them fully one 
would have to know all about Quanta and the constitution of matter. 
With regard to the scattoring of a particles, he thought it was possible to 
explain this as done by Hicks, if we take into account the magnetic 
action of the core. Of course, the electric action is also there and has to 
be taken into account as well. The results of experiments on scattering 
do not preclude the introduction of magnetic forces. 

Communicated.—It appears that although Rydberg introduced the use 
of the symbol « for the constant in his formula characteristic of a parti- 
cular series, the term “‘ phase’? was first applied to the constant by Thiele 
(Astrophys. Journ. Vol. VI., p. 65, 1897). It is possible that the term 
was suggested by certain views as to the kinematical origin of spectra. 
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